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CALCULATE METHOD OF THE TWILIGHT SKY
BRIGHTNESS IN THE SOLAR VERTICAL, STTIPULATED BY A
MULTIPLE SCATTERING OF A SUNLIGHT
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ABSTRACT. Use of a twilight sounding method
of the Earth’s atmosphere with the aim to reveal
aerosols inflow to the upper and medial atmosphere
needs a method of separation twilight sky brightness
to the brightness of primary and secondary twilight.
Method of secondary twilight brightness calculation on
a declination of the logarithm of twilight sky bright-
ness caused by a multiple scattering of sunlight is
discussed. The calculation procedure of a declination
of the logarithm of secondary twilight brightness on
observations in solar vertical is given. The use equal
declination of the logarithm of secondary twilight
brightness for all viewing directions in solar vertical is
proved.
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The aerosol content in the Earth’s atmosphere essen-
tially influences the processes of chemical reactions in
an atmosphere and heat balance of the Earth. Present
article discusses the twilight sounding method that is
used for definition of the inflow and time variations
of aerosol content in medial and upper Earth’s atmo-
sphere. In the twilight sounding method the brightness
of the sky is measured during morning and evening twi-
light, and contents of an aerosol in an atmosphere is
calculated on the base of quantity of a directional scat-
tering factor. To define the directional scattering factor
the discussed method uses only the brightness that is
stipulated by a single scattering of sunlight (primary
twilight brightness). Therefore it is necessary to split
the brightness of the twilight sky into the primary twi-
light brightness, the brightness of the sky stipulated
by a dispersion of sunlight of the higher orders (sec-
ondary twilight brightness) and the brightness of night
sky. General brightness of the twilight sky is

B=B;+Bs+ B, (1)
where B; — primary twilight brightness; Bs —secondary
twilight brightness; B, — the night sky brightness.
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Figure 1: Observation in a solar vertical at a zenith dis-
tance 70 degrees in viewing directions on the Sun and from
the Sun.

To split primary and secondary twilight brightness
we used, so-called, gradient method (Zaginajlo Y.I.
et al. 1999). According to this method in the zone
of an Earth shadow where main part of twilight sky
brightness is constituted by secondary twilight bright-
ness, the dependence of the logarithmic twilight sky
brightness on immersion of the Sun under horizon at a
constant zenith distance of a viewing direction can be
line fitted.

In a series of works (Smoktij O.I. 1967a, 1967b) the
solution for sunlight multiple scattering in the spher-
ically symmetric exponential atmosphere was offered.
We showed (Shakun L.S. 2000), that it is possible to
determine the relation between the declination of the
approximating line in the zone of an Earth shadow
and eigenvalues in the solution for multiple scatter-
ing of light in the exponential spherical atmosphere,
the above mentioned solution. Then, using analyti-
cal formulas from the solution (Smoktij O.I. 1967b),
it is possible to make an extrapolation of secondary
twilight brightness in the zone of small immersions of
the Sun where primary twilight brightness constitutes
main part of all twilight sky brightness. The accuracy
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Figure 2: Declinations of fitting curves calculated sepa-

rately in different viewing directions.

of calculation of secondary twilight brightness depends
on accuracy of calculation of the Smoktij O.I. solution
eigenvalues. Thus, it is necessary to calculate the dec-
lination of the line that approximates the secondary
twilight brightness as accurately as possible. Let’s call
the declination of the line that approximates the sec-
ondary twilight brightness, the gradient of secondary
twilight brightness.

Carrying out twilight observations in all the twilight
vertical at one viewing direction it is possible to take no
more than ten values of secondary twilight brightness
in the Earth shadow zone. Obtained values are dis-
tributed nonuniformly on different viewing directions.

So, in the opposite of the Sun direction we can take
about ten values of secondary twilight brightness, and
in the direction to the Sun — one or two values. Thus,
in all viewing directions the quantity of the values of
secondary twilight brightness is not enough for accu-
rate determination of declination of the approximating
line (fig. 1). In the work (Shakun L.S. 2000) the gradi-
ent of secondary twilight brightness in the zone of an
Earth shadow and the spectrum of Smoktij O.I. solu-
tion eigenvalues for the radiation transfer in spherically
symmetric exponential atmosphere was connected with
the height of an atmosphere in Smoktij’s model. Most
likely, this height of an atmosphere corresponds with
the height of an atmosphere where an effective transfer
of multiply scattered light takes place. It is logically
to assume, that the height of an atmosphere where ef-
fective transfer of multiply scattered light takes place,
does not depend on viewing direction. Therefore the
gradient of secondary twilight brightness does not de-
pend on viewing direction too. Really, the gradient
of secondary twilight brightness differs insignificantly
in different viewing directions, and in most cases this
difference is less than the error of determination of the
gradient of secondary twilight brightness (fig. 2). Thus,
it is logically to determine the gradient of secondary
twilight brightness using all the values of secondary
twilight brightness. It is necessary to note, that all val-
ues of secondary twilight brightness will not lie on one
line (fig. 1) because the zero-mark of the approximating

line for each viewing direction varies. For simultaneous
determination of zero-mark of the approximating lines
and common declination of the lines it is necessary to
put in special basis of the fitting functions.

The values of the secondary twilight brightness in the
zone of an Earth shadow we shall fit with the following
dependence:

In(Bz) = apg + a1 f1(z) + ... + anfu(2), (2)
where By — the secondary twilight brightness; g — the

immersion of the Sun under horizon; f;(z) — basis func-
tions for determining the zero-mark of the approximat-
ing lines; ag - the gradient of secondary twilight bright-
ness; a; — zero-mark of the approximating lines.
At the selected viewing direction the fitting depen-
dence should become:
In(Bz) = aog + aj,

3)

where j — the number of the selected viewing direction.
Thus, basis functions are defined as

1, where z =z,

1iz) = { 0, where z# z; )

In order to make approximation it is necessary to
allocate secondary twilight brightness from the mea-
sured twilight sky brightness. The most favorable zone
to determinate the secondary twilight brightness is in
the zone of an Earth shadow where primary twilight
brightness can be neglected. In the zone of an Earth
shadow measured brightness of the twilight sky may be
represented as

B = By + By +¢e(By + Byp) + 1By, (5)

where Bj — real secondary twilight brightness; By, — real
night sky brightness; € — the relative accidental error
of measurements of the twilight sky brightness; n — the
relative accidental error of measurements of the night
sky brightness.

In this case two types of accidental error of measure-
ments can be distinguished. The first one is an acciden-
tal error of measurements of the twilight sky brightness
as a results noise of the measuring devices and a flicker
of natural atmosphere. The second accidental error,
which we call an accidental measurement error of the
night sky brightness, is a result of irregularity of the
night sky brightness.

Except an accidental error of the night sky brightness
the regular errors that depend on the way of determi-
nation the night sky brightness can be observed. The
night sky brightness is being determined after the end
of twilight by observations in a solar vertical. How-
ever the night sky brightness in the zone of secondary
twilight domination differs slightly from the one mea-
sured on completion of twilight as a result of other
orientation of solar vertical and rotation of the starry
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sky around of the celestial pole. The change of solar
vertical position changes the position of viewing direc-
tion relatively to the objects on horizon. Illumination
produced by objects on horizon, is non-uniform, there-
fore the real night sky brightness during the twilight
will be different. Rotational displacement of the starry
sky around the celestial pole results in bias of a viewing
direction relatively to stars. Both factors can become
apparent as trends that difficultly take into account in
practice. Therefore measuring of night sky brightness
after the end of twilight can be used only for estimation
of the night sky brightness.

If we obtained the estimation of the night sky bright-
ness, let subtract it from the total twilight sky bright-
ness. Then in the zone of the Earth shadow the loga-
rithm of the twilight sky brightness will be

ln(B) = ln(BQ + By + E(BQ + Bb) +nBy — Bb) =

(e+n)By + (53) . (6)

:ln(Bg)—l—ln <1+E+ 32

where B — the observed secondary twilight bright-
ness; B, — an estimation of the night sky brightness;
0B = By, — B}, — an error of estimation of the night sky
brightness.

In order to adequately determinate the gradient of
secondary twilight by the least-squares method the
next conditions must be fulfilled

(e+n)By+ 0B N
B -

The measured night sky brightness after the end of
twilight can be represented as:

1+e+ 1. (7)

B =By + (¢ +1n)By. (8)

Assuming the night sky brightness as a constant
value, it is easy to receive an estimation of the night
sky brightness B, and an estimation of a standard
deviation of the values of the night sky brightness
o=+/<(e+n),(e+n) > . Let’s find the immersions
of the Sun at which the sky brightness meets the con-
dition:

B - —B,
g

> n.

(9)

It is correct for these immersions, that

By, + 6B 1 6B
6+<€+rz>z>+‘<'€++

. 1
BQ n BQ ( O)

In the zone of immersions of the Sun under horizon
where systematic error of an estimation of the night sky
brightness exceeds the secondary twilight brightness we
shall see the deviation from linearity of the logarithm of
secondary twilight brightness. If the error of estimation
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Figure 3: Approximation of secondary twilight brightness
at a viewing direction on the Sun and a zenith distance 70
degrees.

of the night sky brightness is positive than we shall see
the deviation from linear dependence to larger values
and in the case of negative error — to smaller values
(fig. 3).

As it is seen from above mentioned reasoning an er-
ror of each measuring depends on secondary twilight
brightness. Therefore to adjust statistical significance
of each observation and reduce the role of estimation
error of the night sky brightness it is necessary to in-
troduce the weight numbers.

Let measuring error of the device is €; and its stan-
dard deviation is €; an estimation of the night sky
brightness and its standard deviation are B, and o
accordingly. Then from the condition of equality of a
standard deviation for all observations we have:

<wj (Ej(Bj ——B) + a) ,w; (51(Bi ——B) + g)> =

=&%(B; — —By)?, (11)

2 e?
YiT a2 B.)2’ (12)
e“+o /(B] - —Bb)

where w; — a weight number of the j twilight sky
brightness.

It is evidently, that the less is the secondary twilight
brightness and the higher nonuniformity of the night
sky brightness the less are weight numbers.

Fig. 3 shows actual observations in a solar vertical
at the constant zenith distance 70 degrees. It is seen,
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that the estimation of the night sky brightness is over-
stated and therefore secondary twilight brightness at
great immersions noticeably declines downwards from
the fitting line. If observations were obtained in the en-
tire solar vertical, then each series of measuring turns
into a point with higher statistical error. That is why
in case observations were made in a solar vertical it
is much more difficultly to reveal overstated estima-
tions of the night sky brightness. In this case despite
of overstated estimation of the night sky brightness,
good estimation of secondary twilight brightness is ob-
tained.

Let’s compare now gradients of the secondary twi-
light brightness, that where obtained independently for
each direction (fig. 2), and the gradient of secondary
twilight brightness for the same observations, but on
all directions of observations simultaneously. Average
gradient of the secondary twilight brightness, obtained
independently for each viewing direction, is equal 0.921
at the average standard deviation 0.0089, and the gen-
eral gradient of secondary twilight brightness for all
viewing directions is 0.933 at a standard deviation
0.0015. Thus, the method of the general gradient of
secondary twilight brightness allows reaching consid-
erably greater statistical significance of the factor of
inclination of the logarithm of the secondary twilight
brightness.

At last, let’s compare the directional scattering fac-
tors obtained at approximation of secondary twilight
brightness in each direction separately, and the one
obtained as a result of determination of a general in-
clination of approximation of the secondary twilight
brightness (fig. 4). The directional scattering factors
obtained as a result of different approximations of sec-
ondary twilight brightness for different viewing direc-
tions, contain discontinuity of scattering angle depen-
dence that is the result of discontinuity in approxima-
tion coefficients of the secondary twilight brightness.
The directional scattering factors, obtained in case of
general coefficient of an inclination of the secondary
twilight brightness, have better smoothness and lower
statistical error. Apparently, it is the evidence of bet-
ter adequacy of such directional coefficients to physical
reality.

Solid line marks the directional scattering factors
that were determined at the general coefficient of in-
clination of approximation of the secondary twilight
brightness. Points mark directional scattering factors
that were obtained in the case of various coeflicients
of inclination of approximation lines of the secondary
twilight brightness.
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Figure 4: Directional scattering factors with a confidence
interval 0.997 at height of 30 km in a wave length of 731 nm.

Thus the given procedure of determination of a
general gradient of secondary twilight brightness guar-
antees better matching of directional scattering factors
and lower statistical error. This allows preferring such
method of determination of a gradient of secondary
twilight brightness in the zone of an Earth shadow.
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