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ABSTRACT. The purpose of the work is to build an
updated model of the illumination of artificial satellites
in circular Earth orbits and to study the duration and
nature of solar illumination in orbits with different in-
clinations and altitudes throughout the year.

The mathematical model uses the equation of the
circular cone of the shadow, built taking into account
the movement of the Sun relative to the Earth. The
center of the cross section of the base of the cone coin-
cides with the center of the Earth. The motion of the
satellite is simulated by Kepler’s orbit. The computer
model makes it possible to determine with a given ac-
curacy the duration of the satellite’s stay in the Earth’s
shadow.

Simulation of the duration of illumination of satel-
lites at two altitudes has been performed: 5,000 km and
35,786 km (geosynchronous orbit altitude) throughout
the year. Curves of the duration of the satellites’ stay
in the shadow are given. The shape of the curves varies
from a nearly straight line for inclined orbits 25°, then
they become periodic, and then divide into two parts,
resembling the shape of a parabola. Among all the
possible inclinations of the orbits of satellites, extreme
ones have been detected. These are orbits with an an-
gle of inclination 23°26’, which defines a straight orbit.
On them, an artificial satellite falls into the Earth’s
shadow throughout the year at each orbit. The second
group of extreme orbits are orbits with inclinations,
in which the satellite falls into the shadow only near
the time of the equinoxes. Shortest duration of stay
of satellites in the shadow moving in orbits with an
angle of inclination 113°26’. Falling into the shadow
lasts from 15.02 to 23.04 and from 19.08 to 27.10 for
an altitude of 5,000 km, and from 12.03 to 28.03 and
from 14.09 to 01.10 for an altitude of 35,786 km.

The results of the simulations will allow us to clarify
the effect of sunlight and solar wind pressure on the
motion of satellites over time. This will allow the
use of additional satellite accelerations resulting from
radiative impact to change the orbits of space debris
and clean up near-Earth space.

Key words: Earth orbit, artificial satellite, shadow
cone, duration of stay in the shadow.

AHOTAIIIA. Meroro poboru € 1oy 10Ba yTOIHEHOT
MOJIEJIi OCBITJIEHOCT] MITYYHUX CYIMYTHHUKIB Ha KOJIOBUX
HaBKOJIO3EMHUX OpOITaX Ta JIOCJI/IZKEHHS TPUBAJIOCTI
Ta XapaKTepy COHSIHOTO OCBITJIEHHs Ha opbiTax 3
PI3HAMH HAXMWJIEHHSIMU T BUCOTAMHU IIPOTSATOM DPOKY.

Y MareMaTHuHIl MOIEJSiI BUKOPHCTaHe DPIiBHSIHHI
KOJIOBOTO KOHYyCa TiHi, MOOYIOBAHOTO 3 ypaxyBaHHIM
pyxy Conng BigHOCHO 3emi. IlenTp uepepisy
OCHOBH KOHYyCa 30ira€rbCsi 3 IEeHTpOM 3emiii. Briums
arMocepu He BpPaXOBYETHCH. Pyx cymyrauka
mopenoerbes Kertepooro opbitoro.  Komir'orepra
MOJIEJIb JA€ 3MOTY BHU3HAYUTU 3 3aIaHOI0 TOYHICTIO
TPUBAJICTD TIepeOyBaHHsl CyIlyTHAKA Yy TiHI 3eMt.

Bukonano mopjemroBaHHS TPHUBAJIOCTI OCBITJIEHOCTI
CcynyTHHKIB Ha naox Bucorax: 5000 kM Ta 35 786
KM (BMCOTA T€OCHHXPOHHOI OPOITH) TPOTSATOM DOKY.
Hagejieni kpuBi TpuBaJioCTi 11epedyBaHHsI CyIIyTHUKIB
y Tini. dPopma KpUBUX 3MIHIOETHCA BiJl MPAKTHIHO

psiMOT JIiHIT JijTst OpOIT 3 HaxmyreHHsIM 25°, 1aji Haby-
BAIOTH MEPIOAMYHOrO XapakTepy, & IOTIM iIaThCs
Ha JIBl YaCTWHU, IO HAraIyloTh (QopMmy mnapaboJIu.
Cepel ycix MOXKJIMBAX HaXWJIEHb OPOIT CyIyTHUKIB
BUsIBJIEH]I ekcTpeMaJibhi. [le opbiTu 3 KyToM HaXuieH-

Ha 23°26', mo BusHadae mnpamy opbiry. Ha mmx
IITYYHAH CYIMyTHAK TPOTATOM yCHOTO POKY Ha KOXK-
HOMY BHUTKY HOTpamisge y Tinb 3emii. pyra rpyma
eKCTpPeMAJbHUX OpOIT — 1ie OpbiTH 3 HAXWIaMH, MPH
AKUX CYIyTHHUK MTOTPAILIAE Y TiHBb JIUIIE TOOIU3Y Tacy
piBHomennb. Hafimenmra  TpuBajicTs mepebyBaHHS
CYyIyTHUKIB y TiHi, Ki pyXaioTbcs 10 opbiTax 3 KyTOM
naxmiay 113°26’. TloTpaluigHHA y TiHb TPUBAE Bif
15.02 mo 23.04 Ta Bix 19.08 mo 27.10 mas Bucoru 5000
KM, Ta Big 12.03 mo 28.03 Ta Bix 14.09 go 01.10 oy Bu-
cotu 35786 KM.

Pesymbratn  mMomenmoBaHHS AO3BOJATH YTOYHUTH
BIUIUB THUCKY COHSYHOI'O CBIiTJIa Ta COHSIYHOTO BiTpPa
Ha PyX CYIyTHUKIB TpPOTAroM TpuBajoro dacy. lLle
JIO3BOJINTH ~ BUKOPHUCTATUA JIOAATKOBI IPUCKOPEHHS
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CYIIyTHHKIB, IO BUHUKAIOTH BHACJ/IIJIOK PaJliaTUBHOTO
BIUIUBY, /Ig 3MiH OpOIT KOCMIYHOTO CMITTS Ta
OYUINEHHST HABKOJIO3EMHOT'O IIPOCTODY.

Kuro4uoBi cioBa: HaBkoJsi03eMHA OpbiTa, IMITYIHUH
CYIyTHUK, KOHYC TiHi, TPUBAJICTh HepebyBaHHs y TiHi.

1. Introduction

Since the first launch of an artificial satellite in
1957, the number of spacecraft and the degree of
contamination of near-Earth space has been con-
stantly increasing. Space debris, consisting of broken
satellites, spent rocket stages and debris from colli-
sions, poses a serious threat to working vehicles in
orbit. The main characteristic of this phenomenon
is the concentration of space debris, which depends
on altitude, type of orbit and time. Two approaches
are used to predict the evolution of garbage - deter-
ministic (modeling the orbits of individual objects)
and stochastic (modeling the distribution of garbage
concentration). However, both methods demonstrate
a steady increase in the amount of debris, which over
time can lead to a cascading effect - an avalanche-like
increase in debris. The solution of this problem is
possible through the development of new models of
the motion and interaction of objects in near-Earth
space, including taking into account radiation effects
(sunlight pressure, solar wind, albedo, etc.), which
can be used to change the orbits of "passive" objects.
The purpose of the study is to build an updated
model of the illumination of near-Earth satellites,
determine the duration of stay in the Earth’s shadow,
as well as analyze the dependence of the duration of
stay in the Earth’s shadow on the inclination of the
circular orbit at different altitudes throughout the year.

2. Mathematical model and software imple-
mentation

The Sun, illuminating the Earth, forms a cone of
shadow in the opposite direction. For an observer at a
satellite-centric point, the Sun is completely covered by
the Earth’s dark disk. To model the shadow, we use
a simplified approximation of a circular cone, whose
equation

$2 y2 22

a2
(Selezniova et al., 2016), and we describe the movement
of the satellite in Kepler’s orbit. The Earth is taken
for a sphere without an atmosphere: polar compres-
sion and refraction of light in the atmosphere are not
taken into account. The model uses the equation of the
shadow cone, built taking into account the movement
of the Sun relative to the Earth. The center of section
of the base of the cone coincides with the center of the

K4

Figure 1: Shadow cone model.

Earth.

As a result of the Earth’s annual motion, the axis
of the shadow cone, which is marked as the Z axis in
Figure 1, also rotates. The center of the Sun remains
on the 7 axis, so the shadow cone equation

s o (2+217)2
VY= s
where the unit of measurement of distances is the aver-
age radius of the Earth. Let’s prove that the equation
of the cone looks like this using Figure 1. The Sun is
at a point with coordinates C(0, 0, 1 a.u.) Radius of
the Sun Ry ~ 109 r. e. (1 au. =~ 23 481 r. e. (r.
e. — Radius of the Earth)). The Earth is at a point
with coordinates O(0, 0, 0). Radius of the Earth R,
=1r.e. COx23481r. e; OK1 =0K; =1r. e;
CK3 = CKy = 109 1. e.; C(0, 0, 1 a.u.); O(0, 0, 0);
KKKy — shadow cone; Let us recall the form of the
cone equation for our case, given that the vertex of the
cone is not at the center of the coordinate system at
the point K(zp, yp, 25):

(z — 2963)2 L= yp)® (2—zp)* _ 0
a b2 c?
the equation of the shadow cone (we will find a, b, ¢,
K(zg, yB, zB)

Consider AKOK; and AKCK3: OK; and CK3 —
these are the radii, OK; L KK3 and CK3 1 K K3 (with
proper tangents and radii), OK;|| CK3, AKOK; ~
AKCK3 (according to the lemma about similar trian-

gles),
CKy _ CK 109
OK, KO 1’

[KOFCO = 109, 109 KO = KO + 23481, KO ~ 217 r.

e K(0; 0; -217); cos < KOKy = 95 = 5= = §F,
[OL = ﬁr.e.7 KL = KO - OL = 217 - 217 = 4;(1J§8 =
¢, sin < KOK; = é?l = LK; (as OK; = 1 r.e.);
sin < KOK; = \/1—cos < KOK} = 1—21172 =

47088 — 0 = b (as the Earth is a ball); Shadow Cone
Equation:
4708922 47089y> _ 47089(z + 217)2 _

=0,

47088 47088 470882
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~ Shadow cone

Figure 2: Rotation of axes to account for the movement
of the Sun.

(2 +217)2
47088

Since the Sun revolves around the Earth, you need to
reduce the equation of the cone to the form that we
gave above. To bring the shadow cone equation to the
form we gave above, we, as shown in Figure 2, rotate
the coordinate system around the Z axis and the Y
axis counterclockwise so that the axes of the coordinate
system are arranged in the same way as in Figure 1, so
that the cone equation is the same as we gave above.
According to the specified Keplerian elements of the
orbit, the coordinates of the satellite are calculated
over the entire period of rotation with a given step.
The resulting coordinates are compared with the
equation of the shadow cone, which makes it possible
to determine the illumination of the satellite: in the
shadow or illuminated by the Sun. The developed
software allows you to determine the duration of the
satellite’s stay in the shadow on one orbit with a given
accuracy throughout the year. The distance from the
Sun to Earth is modeled by Keplerian elements of the
orbit of the mean Sun. We used the following values
of the elements of the Sun’s orbit:
e = 0,0167133
a = 1,00000261 a.u.
w = 102,93768193°
Q=0
i =-0,00001531°
(https://ssd.jpl.nasa.gov/planets/approx _pos.html)

m2+y2=

3. Conditions and results of modeling

The study was carried out for two values of the
altitudes of circular orbits: 5000 km and 35786 km,
the inclinations of which to the plane of the Earth’s
equator vary from 0 to 180° in increments of 5°,
the longitude of the ascending node and the average
anomaly are zero. The study was also carried out for
the INTELSAT 10 (IS-10) satellite with the following
orbital elements:

e = 0,0002520
a = 35786 km
w = 186,593°

O = 253,512°
i = 0,018°
(https://celestrak.org/NORAD/elements/geo.txt)

We got the dependence of the duration of the satel-
lite’s stay in the shadow on the calendar date. Figures 3
and 5 show the duration of stay in the shadow of satel-
lites with an inclination of the orbital planes from 20
to 120°, that is, these are mainly orbits with direct mo-
tion. Figures 4 and 6 show the duration of stay in the
shadow of satellites with an inclination of the orbital
planes from 120 to 20°, that is, these are mainly or-
bits with reverse motion. Figure 7 shows the duration
of stay in the shadow on one branch each day for the
INTELSAT 10 (IS-10) satellite. The inclination of the
satellite’s orbit is measured from the equatorial plane
in increments of 5°, and the inclination of the Earth’s
(Sun’s) orbit is not a multiple of this value. Because
of this, we obtained asymmetric pairs of graphs in Fig-
ures 3 and 5, and 4 and 6. If the pitch of inclination of
the satellite’s orbits is chosen as a multiple of 23.44°,
you can get completely similar pairs of graphs in the
above figures.

The shape of the curves varies from an almost
straight line for orbits with an inclination of 25°, be-
come periodic, and then divide into two parts, resem-
bling the shape of a parabola. Tilts of 0 and 180°
obviously give the same curves, since both orbits lie in
the plane of the Earth’s equator. The difference be-
tween them lies solely in the direction of movement of
the satellite.

In general, the graphs show the dependence of the
duration of the stay of an artificial satellite in the
shadow on one orbit on the calendar date at differ-
ent altitudes above the Earth’s surface and different
inclinations of the orbital planes. The graphs are plot-
ted in 5° pitch increments. The figures do not indicate
slopes for curves that overlap each other. They are in
the intervals: in Figure 3 — from 70° to 120°, in Figure
4 — from 120° to 160°, in Figure 5 — from 40° to 120°,
in Figure 6 — from 120° to 80°.

The resulting shape of the graphs is determined by
the inclination of the plane of the ecliptic to the plane
of the celestial equator. Throughout the year, the dec-
lination of the Sun changes from +23°26" to -23°26’
(Karttunen et al., 2007). On the days of the equinoxes,
the declination of the Sun is 0, respectively, the axis of
the cone of the shadow is parallel to the plane of the
celestial equator, so the satellite stays in shadow at this
time for the longest time. On the days of the solstices,
the axis of the cone of the shadow is inclined at the
greatest angle 23°26’, the artificial satellite for most
orbital inclinations does not fall into the shadow at all.
At this time, the duration of stay in the shade is the
shortest.

For the INTELSAT 10 (IS-10) satellite, the same
dependence of being in the shadow by analogy is
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Figure 3: Time in the shadows, height above the Earth
surface 5000 km, inclination 20-120°.
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Figure 4: Time in the shadows, height above the Earth
surface 5000 km, inclination 120-20°.

obtained as for satellites for geostationary orbit with
zero inclination of the orbit relative to the Earth’s
equator, but the difference is only one thing: the
maximum stay in the shadow for this satellite is
greater (about 4,000 seconds).

4. Conclusion

In Figures 3 and 5, almost straight lines show that
satellites in orbits with an inclination of 25° are in the
Earth’s shadow throughout the year for 2300 seconds
at each revolution. This is because the planes of their
orbits are very close to the plane of the ecliptic. As the
inclination increases, the duration of stay in the shadow
decreases as the date approaches the moments of the
solstices. Starting from an inclination of 60° to an in-
clination of 165°, dates appear when the satellites are
illuminated continuously. The longest duration of this
period is in satellites moving in orbits with inclinations

Time in shadow, second

Data, days

Figure 5: Time in the shadows, height above the Earth
surface 35786 km, inclination 20-120°.
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1
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Figure 6: Time in the shadows, height above the Earth
surface 35786 km, inclination 120-20°.

of 115-120°. Such orbits are almost perpendicular to
the plane of the ecliptic. Thus, among all the possible
inclinations of satellite orbits, there are extreme ones.
This is the angle 23°26’, which defines the direct or-
bit in which an artificial satellite falls into the Earth’s
shadow throughout the year at each orbit. The second
group of extreme orbits are orbits with inclinations, in
which the satellite falls into the shadow only near the
time of the equinoxes. The shortest duration of stay
in the shadow is for satellites moving in orbits with an
angle of inclination of 113°26’. Falling into the shadow
lasts from 15.02 to 23.04 and from 19.08 to 27.10 for
an altitude of 5000 km, and from 12.03 to 28.03 and
from 14.09 to 01.10 for an altitude of 35786 km.

A practical example with the INTELSAT 10 (IS-10)
satellite proves that our calculations of common cases
that we have considered are correct and our example
is one of our common cases.

The developed illumination model can be used for
further studies of the effect of radiation effects on the
orbital motion of objects. In particular, it is proposed
to use the discontinuity of solar pressure (due to being
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in the shadow) to control the movement of space debris. Karttunen H., Kroger P., Oja H., Poutanen M., Don-
If satellites or debris have variable reflectivity ner K. J. (eds.): 2007, Fundamental Astronomy,
(albedo) or the ability to orient relative to the Sun, 5th ed., Springer, Berlin Heidelberg New York.
this opens up the prospect of changing orbits without Selezniova N. P., Rudyk T. O., Lystopadova V. V.,
additional fuel consumption — that is, cleaning up Sulima O. V.: 2016, Vyshcha Matematika. Rozdil
near-Earth space by natural forces. "Teoriia poverkhon druhoho poriadku", Methodical
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