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ABSTRACT. Resonance spectra (Hagedorn distri-
bution) are critically revised with emphasis on the
saturation of hadron states and possible transition to
a soup of quarks and gluons. Previous studies in this
direction are extended by use of non-linear, complex
Regge trajectories whose limited real part supports
the idea of saturation of high-mass/spin resonance
production.
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AHHOTAIIISA. B pobori nposejieHo aHasi3 aJIpoH-
HUX clekTpiB (po3moxin XareJopHa) 3 akIEHTOM Ha
MOZKJ/IUBICTh HACHUYEHHS aJ[DOHHUX CTAHIB Ta IIE€PEXO-
JoM Tx o “Bapesa’ (Cylly) 3 KBapKiB Ta IUIFOOHIB.
OcHoOBHI pe3ysibTaTi JaHOI POOOTH TaKi:

1) nociimzxeHo criekTp Me30HIB Ta 6apioHis B obacri
BEJINKUX MAC;

2) 3’scoBaHa POJIb KPUTUIHOI TEMIIEPATYPH B CTATH-
cTu4Hit Mojiesi XarejaopHa;

3) upoaHasizoBaHi HAC/IJAKA KOHEYHOCTI CIIEKTDA
XareopHa;

4) nana craTuCTUYHA iHTepHpeTalis $haszoBoro mepe-
XOJIy BiJ 8JpPOHIB JO KBApKiB Ta TJIIOOHIB B TepMiHaxX
PIBHSHHSA CTaHy. ¥YHIKQJIbHOIO PUCOI0 OTPUMAHOTO PiB-
HAHHS CTAHY € HAsIBHICTH B HHOMY BiJ'€éMHOI Temiepa-
TYPU Ta [IEPEOXOJIOPKEHHS PEYOBUHI.

B 6igbmmocti BimoMux Teopiii Ta Momeseil Tpae-
kropii Pemxe € Jiniiiai Ta peasbHi (DYHKIH, IO He
JIOITyCKAa€ 3aCTOCYBAHHS 1X M1 PeaJbHUX PE30HAHCIB.
PesynpraTtn momepenmix anasiziB B IbOMY HAIPSIMKY
HAMU PO3IIUPEHO 3aBJISIKN 3aCTOCYBAHHIO HEIHIMHUX
KOMILJIEKCHUX TpaeKTopiit Pemxke, B aKux 3pocTaHH:
PeaJIbHOI YaCTHHY € OOMEXKeHUil, 110 MiATBEPIKYE Ha-
CHYeHHS TPOIIECY HAPOJIZKEHHS PE30HAHCIB 3 BEJIMKIMUI
macamu. IlpuBeseni KOHKpETHI MOe/i TaKuX Tpae-
KTOpIiif, a caMme: TPAE€KTOPil 3 KOPEHEBHUMHU IIOPOTaMU
Ta Taki, IO CJIIYIOTh 3 JUCHEPCIHUX CIIBBIIHOIIIEHD.
ITapamerpu npuBesieHUX MoJjieiell TpaekTopiit Pemxke
BepuiKOBaHO 3a JIOMOMOIOK IOPIBHSIHHS 3 eKCITe-
PUMEHTAJbHUMH JAHUMHM IIPO ME30HHI Ta OapioHmi

pesonancu. B 1misomy, poboTa € BHECKOM B JOCIIi-
JI?KEHHsI OJHOI 3 BaKJIMBUX Ta 3araJIKOBUX I1POOJIEeM
Gi3vKn BHUCOKMX eHepriii — KOH(paHMEHTy KBapKiB
Ta TUIIOOHIB HA MPUKJIAJ MEPEXOTy BaXKKUX aJPOHHUX
PE30HAHCIB B HOBUII arperaTHUil CTaH PEYOBUHU,
MO2KJINBO — KBapK-IVIIOOHHY IIJIA3MY, BJIACTUBOCTI SKOI
11e JI0 KiHIsl He 3’siICOBaHO.

Kurro4uoBi ciioBa: Aponu, pe3oHaHcH, CIIEKTP Xare-
JopHa, TpaekTopil Pemke, KBapKu, TIIIOOHN.

1. Introduction

The spectrum of hadron resonances is among the
central problems of high-energy physics since the
properties of highly excited resonances are intimately
connected with the problem of confinement.The idea
of the resonance gas was suggested by Belenky and
Landau, who used the Bethe-Uhlenbeck method for
non-ideal gases. The field was revitalized in a series
of papers by Rolf Hagedorn (Hagedorn), and followers
who introduced the notion of limited temperature, that
later received various modifications and interpretati-
ons . In a recent paper (Szanyi, 2023) we extended
Hagedorn’s approach by combining statistical physi-
cs with the analytic S—matrix theory, realized by the
Regge-pole model.

Here we the spectrum of hadronic resonances by
relating seemingly two different approaches: statistical
- that of Hagedorn and Regge.

The density of hadron states follows the law
f(m) exp(m/Tw), (1)
where f(m) is a slowly varying function of mass and T
is the Hagedorn temperature, originally considered as
the limiting temperature but later re-interpreted as the
temperature of the color deconfinement phase transi-
tion where hadrons "boil"transforming matter into a
boiling quark-gluon soup.

Over 50 years after the publication of R. Hagedorn’s
paper (Hagedorn) on the spectrum of resonances

p(m)
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many important details still remain open. In spite of
many efforts, the calculated value of the Hagedorn
temperature shows a surprisingly widespread from
Ty = 141 MeV to Ty = 340 MeV, depending on the
parametrization and the set of data (baryons, mesons)
used. The discrepancies may have different origin, in
particular: a) the large uncertainties in the specification
and identification of heavy resonances, b) the analyti-
cal form of the Hagedorn spectrum, in particular,
the form of the function f(m) multiplying Hagedorn’s
exponential. In the present paper, we address both
issues.

Our approach here is limited to the world of observed
resonances, summarized by the Particle Data Group
and theoretical methods based on analyticity, unitarity,
and duality.

Crucial in our paper is the identification of the
function f(m) with the derivative of the relevant
Regge trajectory. In the spirit of the analytic S-matrix
approach, Regge trajectories encode an essential part
of the strong interaction dynamics, they are building
blocks of the theory. There were many attempts to
find analytic forms of the non-linear complex Regge
trajectories, based on mechanical analogues (strings),
quantum chromodynamics etc. Below we rely on duali-
ty and constraints based on analyticity and unitarity,
constraining the threshold and asymptotic behaviour of
the trajectories. An important constraint, affecting the
spectrum near its critical point is the upper bound on
the real part of Regge trajectories’, coming from dual
models with Mandelstam analyticity. Construction of
explicit models of the trajectories satisfying the above
constraints is a non-trivial problem. In the present
paper, we propose explicit models of such trajectori-
es allowing explicit calculations and compatible with
the data on resonances.

Below we argue that while Hagedorn’s exponential
rise comes mainly from the proliferation of spin and
isospin degeneracy of states with increasing mass, that
can be counted directly, the prefactor f(m) reflects
dynamics, encoded in Regge trajectories given that
f(m) = o'(m), where o'(m) is the slope of the
trajectory.

The low-mass, m < 1.8 GeV spectra do not exhi-
bit any surprise by following Hagedorn’s exponenti-
al. The only open questions are the value of the
Hagedorn temperature Ty and possible differences
between the spectra for various particles. The spectra
beyond m = 1.8 GeV are different: on the experimental
side, the high-mass resonances tend to gradually di-
sappear, their status becoming uncertain.

The most important issue is the existence of a
“melting point"where the resonances are transformed
to a continuum of a boiling soup of quarks and
gluons. This critical region/point is studied by various
methods: statistics and thermodynamics, quantum.

2. Melting hadrons

In this Section we study the relation between the
mass density of hadronic states given by the Hagedorn
spectrum and the dynamics emerging from Regge pole
models, inspecting non-linear Regge trajectories.

In spite of the huge number of papers, the subject
remains a topical problem of hadron dynamics with
numerous open questions. We address the following
issues:

e the behavior of the meson mass spectrum in the
high-mass region;

e the role of the critical temperature and the
prefactor in p(m) in the Hagedorn model of
hadronic spectra;

e the finiteness of the Hagedorn spectrum and its
consequences.

The expression for pressure in this thermodynamic
approach in the Boltzmann approximation is given by:

Mo
p= Y gplmi) = [dmp(m)pm). (@)

7 M,

with 72,2
p(m) = 5 Ka(), (3)

where M; and M, are the masses of the lightest and
heaviest hadrons, respectively, and g;-s are particle
degenerations.

For fixed isospin and hypercharge a cubic density of
states, p(m) ~ m3, fits the data. Moreover, the cubic
spectrum can be related to collinear Regge trajectori-
es. Indeed, following the arguments of Burakovsky
and Horowitz (Burakovsky & Horowitz) , on a linear
trajectory with negative intercept, a(t) = o't — 1,
some integer values of a(t) = J correspond to states
with negative spin, J = «a(ts), with squared masses
m?2(J) = t;. Since a spin-J state has multiplicity 2J+1,
the total number of states with spin 0 < J < j at
t = m(j)? is given by

J
N@G) =D 2] +1) = (G +1)* = o*m*(j).
J=0

(4)

Hence the density of states per unit mass interval is
obtained as the derivative of this cumulative quantity,

dN(m) (5)

m) = ———> = 4a"*m?,

plm) = ——

and it grows as the cubic power of the mass.
Consequently for a finite number of collinear trajectori-
es, N, the corresponding mass spectrum is given as

p(m) = 4Nao/*m3.

(6)
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A different view on the spectra was advocated
by E. Shuryak (Shuryak), who suggested to use a
quadratic parametrization, completely different from
the conventional form:

p(m) ~ m?.

In both the statistical bootstrap model and in the
dual resonance model, the resonance spectrum takes
the form of Eq. (1). In the dual resonance model
f(m) ~ £ Ra(m?). We use non-linear complex Regge
trajectories to determine this pre-factor as discussed in
the next subsections.

The meson and baryon spectra differ, in particular
by their slopes. More important is the question of
the asymptotic behaviour of p(m) for large masses. In
theory, Hagedorn’s exponential may rise indefinitely,
however, starting from m = 2.5 GeV resonances are not
observed. The question arises whether it is a "techni-
cal"issue (the resonances gradually fade becoming
too wide to be detected) or there is a critical poi-
nt where they melt to a continuum transforming the
hadron matter to a "boiling soup". This point can
be illuminated by means of Regge trajectories, as we
demonstrate it in what follows.

We concentrate on the meson spectrum, more speci-
fically that of p and its excitations. This familiar
trajectory is chosen just as a representative example.
Other trajectories, including baryonic ones as well as
those with heavy (c and b) flavors will be studied later.
We are interested in the high-mass behavior, starting
from m &~ 1.8 GeV. Beyond this value the exponenti-
al behavior of the Hagedorn spectrum is expected to
change drastically. We concentrate on its behaviour
above 1.8 GeV.

Note that rather than comparing the density of
states p(m) to the data it is customary to accumulate
states of masses lower than m,

Nezp = Zgi@(m —my), (7)

where g; is the degeneracy of the i-th state with mass
m; in spin J and isotopical spin I, i.e.,

|

The theoretical equivalent of Eq. (7) is

(2J; + 1)(2I; + 1),
4(2J; + 1),
2(2J; +1)(2 + 1),

for non-strange mesons
for strange mesons
for baryons

Ntheo’r (m) = / p(m')dm/,

Mo

(8)

where the lower integration limit is given by the
mass of the pion. We identify f(m) in p(m) with
the slope of the relevant non-linear complex Regge
trajectory o'(m). In the next subsection we discuss
the properties of these trajectories following from the

analytic S—matrix theory and duality, and present an
explicit example of such a trajectory.

3. Regge trajectories

At low and intermediate masses, light hadrons fit
linear Regge trajectories with a universal slope, o =
0.85 GeV?2. As masses increase, the spectrum changes:
resonances tend to disappear. The origin and details of
this change are disputable.

Termination of resonances, associated with a "ioni-
zation point"was also studied in a different class of dual
models, based on logarithmic trajectories [?].

Possible links between the Hagedorn spectra and
Regge trajectories appear in the statistical bootstrap
and dual models, according to which the pre-factor
f(m) in Eq. (1) depends on the slope of the relevant
Regge trajectory, o/(m?), which is constant for linear
Regge trajectories.

We extend the Hagedorn model by introducing the
slope of relevant non-linear Regge trajectories. Anti-
cipating a detailed quantitative analysis, one may
observe immediately that a flattening of Ra(s = m?)
1 results in a decrease of the relevant slope «o'(m)
and a corresponding change in the Hagedorn spectrum.
Following Eq. (1) we parametrize

p(m) = (d‘fn%am%) < exp(m/Ta). (9)

Based on the decreasing factor Ra/ in Eq. (9) the
exponential rise of the density of states slows down
near to the melting point around m ~ 2 — 2.5 GeV.
The cumulative spectrum Egs. (7) and (8), accordingly
tends to a constant value.

Any Regge trajectory should satisfy the followings:

e threshold behavior imposed by unitarity;

e asymptotic constraints: the rise of real part
of Regge trajectories is limited, Ra(s) <
YWtint, s— oo;

e compatibility with the nearly linear behavior in
the resonance region (Chew-Frautschi plot).

The threshold behavior of Regge trajectories is
constrained by unitarity. t-channel unitarity constrains
the Regge trajectories near the threshold, ¢ — ¢y to the
form
to)ma(t0)+1/2.

Sa(t) ~ (t - (10)

Here g is the lightest threshold, e.g. 4m?2 for the meson
trajectories. Since Ra(4m2) is small, a square-root
threshold is a reasonable approximation to the above
constraint.

1'We use the (here positive) variables s or ¢ interchangeably
with crossing-symmetry in mind.



32

Odessa Astronomical Publications, vol. 36 (2023)

In the resonance region below flattening near m =
Vs < 2.5 MeV the meson and baryon trajectories are
nearly linear (Chew-Frautschi plot). Fixed-angle scali-
ng behavior of the amplitude constrains the trajectories
even more, down to a logarithmic behavior.

There are several reasons why the non-linear
and complex nature of the Regge trajectories is
often ignored, namely: 1) the observed spectrum
of meson and baryon resonances (Chew-Frautschi
plot) seem to confirm their linearity; 2) in the
scattering region, ¢t < 0, the differential cross-section,
do/dt ~ exp((2a(t) — 2)Ins) is nearly exponential
in ¢; 3) Dual models, e.g. the Veneziano amplitude
are valid only in the narrow-width approximation,
corresponding to linear Regge trajectories (hadronic
strings). Deviation from linearity is unavoidable, but
its practical realization is not easy.

4. Models of Regge trajectories

Unitarity imposes a severe constraint on the
threshold behaviour of the trajectories:

Sma(t)y, ~ (t — to)Realto)+1/2,

(11)

while asymptotically the trajectories are constrained
by dual amplitude with Mandelstam analyticity

a(t)
Vilnt

The above asymptotic constraint can be still lowered to
a logarithm by imposing wide-angle power behaviour
for the amplitude.

The above constraints are restrictive but still leave
much room for model building.

While the parameters of meson and baryon
trajectories can be determined both from the scatteri-
ng data and from the particles spectra, this is not
true for the pomeron (and odderon) trajectory, known
only from fits to scattering data (negative values of
its argument). An obvious task is to extrapolate the
pomeron trajectory from negative to positive t-values
to predict glueball states at J = 2,4, ..., for which,
however, no experimental evidence exists so far. Given
the nearly linear form of the pomeron trajectory,
known from the fits to the (exponential) diffraction
cone, little room is left for variations in the region of
particles (¢t > 0).

< const. (12)

t—o0

4.1. Additive thresholds

Apart from the Pomeron trajectory, the direct-
channel f trajectory is essential in the proton-proton
system. Guided by conservation of quantum numbers,
we include two f trajectories, labelled f; and fs, with
mesons lying on these trajectories.

The real and imaginary part of the f; and fs
trajectories can be derived from the parameters of the
f-resonances.

To be consistent with the meson trajectories, the li-
near term is replaced by a heavy threshold mimicking
linear behaviour in the mass region of interest (M < 5
GeV),

ap(M?) = ag 4+ a1 (2my — \/4m2 — M?2) +
tao(\/ ME —\/M% — M?), (13)

with My an effective heavy threshold M = 3.5 GeV.

The fy(500) resonance. The experimental data on
central exclusive pion-pair production measured at the
energies of the ISR, RHIC, TEVATRON and the LHC
collider all show a broad continuum for pair masses
m,+,- < 1 GeV/c2. The population of this mass
region is attributed to the fy(500). This resonance
f0(500) is of prime importance for the understanding of
the attractive part of the nucleon-nucleon interaction,
as well as for the mechanism of spontaneous breaki-
ng of chiral symmetry. In spite of the complexity
of the fy(500) resonance, and the controversy on its
interpretation and description, we take here the practi-
cal but simple-minded approach of a Breit-Wigner
resonance

—M,T
M? = M2 + iMl"

A(M?*) =a (14)
The Breit-Wigner amplitude of Eq. (14) is used

below for calculating the contribution of the f3(500)
resonance to the Pomeron-Pomeron cross section.

4.2. Dispersion relations

Meson trajectories. The nearly linear real part of
the meson trajectory can be elated to its imaginary
part by

’

oo 1Y

Re a(s) = a(0) + fPV/ ds w.

™ 0 (s —s)

In Eq. (15), PV denotes the Cauchy Principal Value

of the integral. The imaginary part is related to the
decay width by

(15)

Sm a(M3)

F(MR> - Ozl MR

(16)

The quantity a in Eq. (16) denotes the derivative
of the real part, o = mﬁi?(s). The relation between
(M) and Sm a(s) requires Sm «(s) > 0. In a simple
analytical model, the imaginary part is chosen as a sum
of single threshold terms
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Table 1: Parameters of resonances belonging to the f; and fy trajectories.
I JPC T traj. M (GeV) M2 (GeV?) T (GeV)
£(980) [ 0T 0OFF f 0.990+0.020 | 0.98040.040 | 0.070% 0.030
f1(1420) | 0 1t f1 1.426+0.001 | 2.035+0.003 | 0.055+ 0.003
f2(1810) | 0T 2*F f 1.8154+0.012 | 3.294+0.044 | 0.1974+ 0.022
£4(2300) | 0 4+F f 2.320+0.060 | 5.3824+0.278 | 0.250+ 0.080
f2(1270) | 0 2FF fo 1.275+0.001 | 1.6256+0.003 | 0.185+ 0.003
£4(2050) | 0 4++ fa 2.018+0.011 | 4.0723£0.044 | 0.237+ 0.018
fs(2510) | 07 61T fa 2.469+0.029 | 6.09640.143 | 0.283+£ 0.040
10° ‘ ‘
—— Ntheor /’ _— em/T%mea(mz)
—-==- Ntheor (EXpONEnt only) ,/ T
103 — Experimental Spectrum Nexp ”/’ 104 --—- e’ )
103
—~ 12 —
g10 E 102
=4 Q
10t
10!
100
0 l” -1
10 00 05 10 15 20 25 3.0 10 0.0 0.5 1.0 1.5 2.0 2.5 3.0

m (GeV)

Figure 1: Hadron mass spectrum Nypeor from Eq. (8)
compared with the data. Additionally, Nypeor Obtained
from a simple exponential mass density is also shown
(dashed line).

Sma(s) _ ZCTL(S_Sn)l/Q(?)hﬁea(sn”a(s_Sn).

(17)
The imaginary part of the trajectory shown in
Eq. (17) has the correct threshold and asymptotic
behaviour. The highest threshold, higher than all the
resonance masses lying on the trajectory, is chosen as
an effective threshold. This highest threshold ensures
that Re a(s) tends to a constant value for s — oo.
Calculated mass spectra and mass densities are
shown in Fig. 1 and Fig. 2.
Baryon trajectories. The Pomeron-proton
channel, Pp — M% couples to the proton trajectory,
with the I(JF) resonances: 1/2(5/2%), Fi5, m =

m(GeV)

Figure 2: Mass density p(m) calculated by using
the derivative of the smoothed p-meson trajectory
as a prefactor. The exponential density without any
prefactor is also shown (dashed line), using the same
temperature and normalization. Above the highest
threshold the derivative, and hence the density vani-
shes (not seen due to the logarithmic scale).

1680 MeV, T' = 130 MeV; 1/2(9/2%), Hig, m =
2200 MeV, T' = 400 MeV; and 1/2(13/27%), Ky 13, m =
2700 MeV, I' = 350 MeV. The status of the first two is
firmly established, while the third one, N*(2700), is less
certain, with its width varying between 350 & 50 and
900 + 150 MeV . Still, with the stable proton included,
we have a fairly rich trajectory, a(M?).

We use the explicit form of the trajectory, ensuring
correct behaviour of both its real and imaginary parts.
The imaginary part of the trajectory can be written in
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the following way:

Tmals) = sézcn (‘S_S"yn (s —sn), (18)

where A\, = Re a(s,). Eq. (18) has the correct
threshold behaviour, while analyticity requires that
0 < 1. The boundedness of a(s) for s — oo follows
from the condition that the amplitude, in the Regge
form, should have no essential singularity at infinity in
the cut plane.

The real part of the proton trajectory is given by

Rea( ch n ) (19)
where
1=\, +1) (
n(s) = F; —§; A\
Anls) = T 5 gy

S

T(—8)T (A + 1)

sT(A\, — 6 +1)

B ”2F1<5—)\n,1;5+1;s:>}9(8—8n

The proton trajectory, also called Nt trajectory,
contains the baryons N(939) %Jr, N(1680) %+, N(2220)

%Jr and N(2700) 1—23+. In the fit, the input data are
the masses and widths of the resonances. The quanti-
ties to be determined are the parameters c¢,, 6 and
the thresholds s,. We set n = 1,2,x and s; =
(mx + mpy)? = 1.16 GeV?, 55 = 2.44 GeV? and s,
= 11.7 GeVZ.

Other parameters of the trajectory, obtained in the
fit, are summarized below: a(0) = —0.41, § = —0.46 +
0.07, ¢4 = 0.51 £0.08, c2 = 4.0+ 0.8 and ¢, = (4.6 =
1.7)-103. Taking the central values of these parameters
we obtain the following values for the A’s: A\; = 0.846,
A2 =2.082, A\, = 11.177.

A typical curve of meson mass spectrum calculated
by means of trajectory with additive threshold is shonw
in Fig. 1. The resulting mass density is shown in Fig. 1.

5. Boiling quarks and gluons

In the previous section, we inspected the spectrum
of resonances by combining two different approaches -
statistical (Hagedorn) and dynamical (Regge). We have
focused on the region of heaviest resonances, the regi-
on where hadrons may melt transforming in a boiling
"soup"of quarks and gluons. Melting may happen in
different ways, characterized by the details for a phase
transition of colorless hadronic states into a quark-
gluon soup. In terms of hadron strings this process
corresponds to breakdown (fragmentation) of a stri-
ng. Lacking any theory of confinement providing a

quantitative description of interacting string, we will
not pursue this model. Instead we use thermodynamics
adequate in this situation. To complement the previ-
ous section, we present our arguments below related
to the possible change of phase from a different,
thermodynamic perspective.

The Hagedorn exponential spectrum of resonances
Eq. (1) results in a singularity in the thermodynamic
functions at critical temperature 7' = T, and in an
infinite number of effective degrees of freedom in the
hadronic phase. Furthermore, the Hagedorn-like mass
spectrum is incompatible with the existence of the
quark-gluon phase. To form a quark phase from the
hadronic phase, the hadron spectrum cannot grow
more quickly than a power. This is possible in case
of a simple power parametrization p ~ m*, compati-
ble with k£ ~ 3, for the observable mass spectrum in

-0+ 2 — the interval 0.2-1.5 GeV. Assuming ideal contributions

An
X0 (s, — s) + {7T85_1 (S — S”) cot[n(1 -6

" /to thermodynamical quantities we hence take energy
density in the form

oo

— [ otm)

0
and obtain the corresponding pressure and sound
velocity square as follows?:

m)T4o(m/T)dm = \TF*5, (20)

Mk

k+4Tk+5, A =1/(k+4).

p= (21)

It can be shown that the existence of the forward
cone in hadronic interactions with non-decreasing total
cross sections, i.e, pomeron dominance, confirmed by
numerous experiments at high energies, results in an
asymptotic, T > m EOS p(T) ~ T® where m is a
characteristic hadron (e.g. pion) mass. The inclusion
of non-asymptotic (secondary) Regge terms produces a
minimum in the p(T") dependence at negative pressure,
with far-reaching observable consequences.

The unorthodox p ~ T% asymptotic behavior is
orthogonal to the "canonical" (perturbative QCD) form
~ T4, Still, it cannot be rejected e.g. when assuming a
screening of the action of large-distance van der Waals
forces at high temperatures and densities.

The asymptotic form ~ T° can be extended to
lower temperatures by adding non-asymptotic Regge-
pole exchanges. The resulting EOS is

p(T) = aT* — bT® + T°, (22)
where a, b, ¢ are parameters connected with Regge-
pole fits to high-energy hadron scattering. The

2Note that the definition of entropy density s, energy density
¢ and velocity of sound ¢ in case of u = 0:
dp p’ s

= (T T)=Ts — 2 _ 22 _ =
pT), e(T)=Ts—p, cs = Tp

s(T)
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remarkable property of this EOS, apart from the non-
standard asymptotic behavior, ~ T, is the appearance
of the non-asymptotic term T° with negative sign,
creating a local minimum with negative pressure. This
metastable state with negative pressure can produce
inflation of the universe.

The standard bag equation of state assuming, for
simplicity, vanishing chemical potential, © = 0:

2

v
py(T) = %qu‘* - B, (23)
7'('2 4
pn(T) = %VhT , (24)

where py(T') and py (T') are pressure in the quark-gluon
plasma (QGP) and in the hadronic gas phase, respecti-
vely, B is the bag constant, and vy, is the number of
degrees of freedom in the QGP (hadronic gas),

pe = Bup/(vg—vy), Te= [9OB/7r2(Vq —yh)]1/4. (25)

Since s(T') = dp(T)/dT, the relevant formula for the
entropy density can be rewritten as

s(T) = (2n*T3 /45)vp[1 — O(T — T.) + v,O(T — T.).

ST = S(T)/T?, st = 50/T?, s =" (vn +1y).

The above simple bag model EOS can also be modi-
fied (Boyko, 1990) by making the bag "constant"T-
dependent, B(T') = AT, to produce a metastable QGP
state with negative temperature:

po(T) = (72/90)v, T* — AT, pp(T) = (72/90)v,, T*.
(28)

Another important feature of this EOS is that for
I' — v = 0 it describes second order phase transitions,
with singular behavior of the thermal capacity at T =
T.. Really, in this case, we have T — T, ~ (As*)? near
T="T.,.
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