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ABSTRACT. Some properties of the configuration
space (CS) of charged black holes (BH) we are
considered. A reduced action for the spherically
symmetric configuration of the gravitational and
electromagnetic fields is constructed. We restrict
ourselves to considering of T-region, where the studied
fields have a dynamic meaning. Using the Hamiltonian
constraint, we exclude the nondynamic degree of
freedom. This leads to the action of the system in
the CS with the corresponding supermetric. It turns
out that the CS is flat, and its metric admits a two-
parametric group of motions. This group generates
conservation laws for the geodesic equations. The first
law is the charge conservation law, and second is
the mass conservation law (the mass function). Using
the Hamiltonian constraint, they allow one to find
momenta as a function of the field variables and
calculate the action as a function of the conserved
quantities and field variables in CS. We emphasize
that to find this action, we use only the integrability
condition for a differential form. The quantization
of the system is reduced to the quantization of a
free particle in a three-dimensional pseudo-Euclidean
space. The natural measure corresponding to the CS
metric is used to construct the Hermitian DeWitt and
mass operators. Based on the self-consistent solution
of quantum DeWitt equations and equations for the
eigenvalues of the mass and charge operators, the wave
function for the spherically symmetric configuration of
the gravitational and electromagnetic fields in the T-
region is constructed. As a result, we get a model of
charged BH with continuous mass and charge spectra.
Keywords: spherically symmetric configurations,
configuration space, Hamiltonian constraint, DeWitt,
mass and charge operators, conditions of self-
consistent.

АНОТАЦIЯ. Розглядаються деякi властивостi
конфiгурацiйного простору (КП) заряджених
чорних дiр (ЧД). Будується редукована дiя для
сферично-симетричної конфiгурацiї гравiтацiйного
i електромагнiтного полiв. Ми обмежуємося роз-
глядом Т-областi, де дослiджуванi поля мають

динамiчний змiст. Використовуючи гамiльтоно-
ву в’язь, ми виключаємо нединамiчний ступiнь
вiльностi. Це призводить до дiї системи в КП з
вiдповiдною суперметрикою. Виявляється, що КП
є плоским, а його метрика допускає двопарамет-
ричну групу рухiв, що породжує вiдповiднi закони
збереження геодезичних рiвнянь. Перший закон -
це закон збереження заряду, а другий - закон збе-
реження маси (масова функцiя). Використовуючи
гамiльтонову в’язь, знаходимо iмпульси як функцiї
польових змiнних i обчислюємо дiю як функцiю
польових змiнних i величин, що зберiгаються в
КП. Пiдкреслимо що для знаходження цiєї дiї
ми використовуємо лише умову iнтегрованостi
диференцiальної лiнiйної форми. Квантування
системи зводиться до квантування вiльної частин-
ки в тривимiрному псевдо евклiдовому просторi.
Природна мiра, що вiдповiдає метрицi КП, вико-
ристовується для побудови ермiтових оператора
Девiтта i масового операторiв. На основi самоуз-
годженого розв’язку системи квантових рiвнянь
Девiтта i рiвнянь на власнi значення операторiв
маси i заряду побудована хвильова функцiя для
сферично-симетричної конфiгурацiї гравiтацiйного
i електромагнiтного полiв в Т-областi. В результатi
ми отримуємо модель зарядженої ЧД з безперерв-
ним спектром маси i заряду.
Ключовi слова: сферично-симетричнi конфi-
гурацiї, конфiгурацiйний простiр, Гамiльтонова
в’язь, оператори Девiтта, маси i заряду, умова
самоузгодженностi.

1. Introduction

One of the most important tools of quantum gravity
is the method of the Feyman continuum integral.
However, it turns out that the gravitational path
integral is dominated by metrics which describe virtual
gravitational instantons. One therefore could believe
that the divergence of the two loop amplitude is
due to a general failure of perturbation theory in
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general relativity [Schulz 2014]. For example, Hawking
writes in [Hawking 1993]: "Attempts to quantize
gravity ignoring the topological possibilities and simply
drawing Feynman diagrams around flat space have
not been very successful. It seems to me that the
fault lies not with the pure gravity or supergravity
theories themselves, but with the uncritical application
of perturbation theory to them. In classical relativity,
we have found that perturbation theory has only a
limited range of validity One cannot describe a black
hole as a perturbation around flat space. Yet this
is what writing down a string of Feynman diagrams
amounts to."

Therefore, when studying black holes, we must use a
non-perturbative quantization approach. It also implies
the timeliness and relevance of research in the field of
the quantum theory of black holes.

The proposed work is devoted to the study of
the properties of the configuration space (CS) of
spherically-symmetric (SS) systems of electromagnetic
and gravitational fields. We restrict ourselves to
considering the T-region of space-time (ST), where
the studied fields have a dynamic meaning. The
transition to the CS is carried out by excluding the
non-dynamical degree of freedom from the constructed
reduced action using the Hamiltonian constraint.
In this way, the CS metric is constructed and its
properties are studied. It turns out that the CS is
flat, and its metric admits a 2-parameter Abelian
group of motions. It corresponds to the conservation
laws of the equations of the geodesic. One of them
is associated with the law of conservation of charge
Q, the other - with the law of conservation of mass
M (mass function). These conservation laws, together
with the Hamiltonian constraint, allow us to explicitly
find the momenta as functions of the field variables,
as well as M and Q. Further, using the integrability
condition for a linear differential form, the action of
the system in the CS is constructed as a function of
conserved quantities and field variables. The Poisson
brackets of the constructed dynamic quantities are
calculated. The quantization of the system is reduced
to the introduction of the DeWitt operators, total
mass and charge. The Hermitian DeWitt and total
mass operators with respect to the natural measure
associated with the introduced CS metric are used.
Note that the differential part of the introduced
DeWitt operator coincides with the Laplace-Beltrami
operator defined on the CS. As a result, we come to
the consideration of the self-consistent problem for
the eigenvalues of the DeWitt operators, total mass
and charge. The obtained solution leads to a model
of a charged BH with a continuous mass and charge
spectrum.

2. Classic model description

As is known, the ST metric M4 for the SS
configuration of the electromagnetic and gravitational
fields admits the Killing vector. The region R ⊂ M4,
where this vector is timelike, is called the R-region and
the region T ⊂ M4, where this vector is spacelike, is
called T -region. We only touch on T -regions where the
fields under study have a dynamic meaning.
We write the action of gravitational and the
electromagnetic field system in the standard form

Stot = − 1

16πc

∫ (
c4

κ
(4)R+ FµνFµν

)√
−gd4x , (1)

where (4)R is the scalar curvature, Fµν = Aν,µ − Aµ,ν
is the electromagnetic field tensor, g = det |gµν |. In the
SS case for the T -region, after dimensional reduction,
it is reduced to the action of the form (Gladush 2018)

S =
lc3

2κ

∫ {
1√
hf

[ κ
c4
R2E2 −R,0 (hR),0

]
+
√
hf

}
dx0

for the metric

ds2 = f(x0)(dx0)2 − h(x0)(dx1)2 −R2(x0)dσ2 , (2)

where E = F01 = A1, 0 = ϕ,0. We proceed to the
characteristic variables {ξ,R}, which have a number
of advantages (Gladush 2019)

f = N2R

ξ
, h =

ξ

R
. (3)

In this case, the CS metric associated with the
kinetic part of the Lagrangian coincides with the
minisuperspace metric arising when N is excluded from
the total action.

In the new variables, the metric (2) takes the form

ds2 =
R

ξ

(
Ndx0

)2 − ξ

R
(dx1)2 −R2dσ2 . (4)

Note that in the T -region the variable R has a
temporary character, therefore, to emphasize this fact,
we will sometimes write R = cT , where T is a variable
with the dimension of time.

Action can now be rewritten as follows

S =

∫
Ldx0 , L =

l

2c

(
N−1T +NU

)
(5)

where L is Lagrange function of a reduced system with
kinetic and potential parts

T = −c
4

κ
ξ̇Ṙ+R2ϕ̇2, U =

c4

κ
. (6)

where ξ̇ = ξ,0, Ṙ = R,0, ϕ̇ = ϕ.0 = ∂ϕ/∂x0.
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2.1. The transition to the configuration space

The Lagrange function (5) implies the constraint

δL

δN
=
∂L

∂N
=

l

2c

{
− T

N2
+ U

}
= 0 . (7)

Hence follows

N =

√
T

U
=

√
κ

c2

√
T . (8)

Substituting the obtained expression for N into the
action (5) defined in the T -region of the ST, we obtain
the action ST for the curve defined in the CS:

ST =

∫
L|H=0dx

0 = µ

∫ √
Tdx0 = µ

∫
dΩ , (9)

where

dΩ2 = Gabdq
adqb = −c

4

κ
dξdR+R2dϕ2 > 0 (10)

is CS metric in coordinates: qa = {q1 = ξ, q2 = R, q3 =
ϕ}, (a, b = 1, 2, 3). Wherein µ = cl/

√
κ . Note that (9)

implies
dST = µ

√
Tdx0 = µdΩ . (11)

The variational principle for the new action ST (9)
defines the equations of the geodesic in CS with the
metric dΩ2 (10). The expression (9) is analogous to
the Jacobi action of classical mechanics (Landau 1988).
The above procedure was used in (Gladush 2018) to
study some of the classical and quantum aspects of the
geometrodynamics of SS Einstein-Maxwell systems.
Note also that the continual version of the geodesic
action (9) is an important construct in quantum gravity
(Barbour 2002, Kiefer 2007, Anderson 2013).

Determinant of the metric tensor Gab CS:

G = det ‖Gab‖ = − c8

4κ2
R2 < 0 . (12)

It defines an volume element that specifies the natural
measure in CS:

dV =
√
−Gdq1dq2dq3 =

c4

2κ
RdξdRdϕ. (13)

Note that CS metric (10) admits two Killing vectors

~ηξ = η(ξ)a
∂

∂qa
=

∂

∂ξ
, ~ηϕ = η(ϕ)a

∂

∂qa
=

∂

∂ϕ
, (14)

which correspond to the conservation laws of the
geodesic equations in the CS:

η(ξ)au
a = − c4

2κ
dR
dΩ = const. (15)

η(ϕ)au
a = R2 dϕ

dΩ = const. (16)

Here ua = dqa/dΩ = {dξ/dΩ, dR/dΩ, dϕ/dΩ} are
components of the vector tangent to the geodesic.

2.2 Dynamic quantities

From the Lagrangian (5), taking into account (8) and
(11), we obtain the momenta

Pξ =
∂L

∂ξ̇
= − c3l

2κN
Ṙ = − c5l

2κ
√
κ

dR

dΩ
, (17)

PR =
∂L

∂Ṙ
= − c3l

2κN
ξ̇ = − c5l

2κ
√
κ

dξ

dΩ
, (18)

Pϕ =
∂L

∂ϕ̇
=

l

cN
R2ϕ̇ =

cl√
κ
R2 dϕ

dΩ
. (19)

Comparing the right-hand sides of the relations (15),
(17), and (16), (19) , we conclude that the dynamical
system (17)-(19) has two integrals of motion in the CS

Pξ = const, Pϕ =
l

c
q = const, (20)

where the constant q is the electric charge of the
system.

Further, let us note that the Legendre transform

NH = Pξ ξ̇ + PRṘ+ Pϕϕ̇− L (21)

with (7) taken into account, leads to the Hamiltonian
constraint

H =
c

2l

{
−4κ

c4
PξPR +

1

R2
P 2
ϕ − µ2

}
∼ 0. (22)

2.3 Classic solution in configuration space

Substituting the relations

Pξ =
∂S

∂ξ
, PR =

∂S

∂R
, Pϕ =

∂S

∂ϕ
(23)

into the Hamiltonian constraint (22) we get a Einstein-
Hamilton-Jacobi equation

−4κ

c4
∂S

∂ξ

∂S

∂R
+

1

R2

(
∂S

∂ϕ

)2

= µ2 . (24)

This relation can be interpreted as the Hamilton-Jacobi
equation for a free particle with mass µ = lc/

√
κ

moving along a geodesic in a CS with metric (10). Its
solution has the form

S =
l

c
qϕ+ Pξξ −

l2c6

4κ2Pξ

(
κq2

c4R
+R

)
. (25)

Equating the derivatives of S with respect to the
constants q and Pξ the new constants ξ0 and ϕ0, we
find the trajectories

∂S

∂q
=
l

c
ϕ− l2c2

2κPξ

q

R
=
l

c
ϕ0 , (26)
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∂S

∂Pξ
= ξ +

l2c6

4κ2P 2
ξ

(
κq2

c4R
+R

)
= ξ0 . (27)

From the equation (26), assuming ϕ0 = 0, we obtain

ϕ =
lc3

2κPξ

q

R
. (28)

Hence, taking into account the asymptotic condition
ϕ = q/R for R → ∞, we find the specific value of the
momentum Pξ for the considered trajectory

Pξ =
lc3

2κ
.

2.4 Additional dynamic quantities and relations

From the formulas (19) and (20) it follows

ϕ̇ =
Nc

l

Pϕ
R2

= N
q

R2
.

In the general case, the quantity

Q =
c

l
Pϕ =

R2

N
ϕ̇ =

c2√
κ
R2 dϕ

dΩ
, (29)

we will be called the charge function of the
system (Gladush 2018). For the trajectory under
consideration, Q = q.

Let us turn to the equation (27). Taking into account
(20), we can rewrite it as follows

1

2

(
c2

κ
R+

4κ

l2c4
ξP 2

ξ

)
+

P 2
ϕ

2l2R
=

2κ

l2c4
ξ0P

2
ξ = m, (30)

The left side of this expression is equal to the total
field mass of the configuration (Berezin 1987, Gladush
2012, 2018) and, in the general case, determines the
mass function

Mtot =
1

2

(
c2

κ
R+

4κ

l2c4
ξP 2

ξ

)
+

P 2
ϕ

2l2R
= m (31)

of the SS configuration expressed in terms of the
momenta Pξ and Pϕ. The value ofMtot is constant and
equal to the total field mass m of the configuration.
Therefore, we denoted a constant on the right-hand
side of (30) by m.

We also present the Poisson brackets between the
introduced additional dynamical quantities Mtot, Q
and the Hamilton function H:

{Mtot, Q} = {H,Q} = 0, {H,Mtot} =
2κ

c4l2
PξH ∼ 0.

Thus, we have two conservation laws for the geodesics:
Mtot = m and Q = q. These relations allows us to find
momenta and action in terms of field variables {ξ,R, ϕ}
and conserved quantities {q,m}. The equation (31)
leads to the expression for the momentum Pξ:

Pξ =
lc3

2κ

√
R

ξ
FT , (32)

where

FT = −1 +
2κm

c2R
− κq2

c4R2
. (33)

Further, from the constraint (22) and the relations (20)
and (32), for the momentum PR we find

PR =
lc3

2κ

√
ξ

RFT

(
κq2

c4R2
− 1

)
, (34)

So, we have obtained expressions for the momenta Pξ
and PR, as functions of the field variables {ξ,R, ϕ} and
the conserved quantities {m, q}.

Using (32) and (34), one can find the action S as
a function of field variables and conserved quantities.
For this, we write down the action differential

dS = Pξdξ + PRdR+ Pϕdϕ = dS̃ +
lq

c
dϕ.

Hence it follows S = S̃ + (lq/c)ϕ, besides

dS̃ = Pξdξ + PRdR . (35)

The integrability condition for this expression is

∂Pξ
∂R

=
∂PR
∂ξ

.

From the formulas (32) and (34) we obtain

∂PR
∂ξ

=
PR
2ξ

,
∂Pξ
∂ξ

= −Pξ
2ξ

. (36)

Hence follows

PR = 2ξ
∂PR
∂ξ

= 2ξ
∂Pξ
∂R

.

Taking into account these relations, we have

PRdR = 2ξ
∂Pξ
∂R

dR = 2ξ

(
dPξ −

∂Pξ
∂ξ

dξ

)
=

= 2ξ

(
dPξ +

Pξ
2ξ
dξ

)
= 2ξdPξ + Pξdξ,

Substituting the found expression into the formula
(35), we obtain

dS̃ = Pξdξ + 2ξdPξ + Pξdξ = d (2ξPξ) .

Hence we get the action

S = S̃ +
lq

c
ϕ = 2ξPξ +

lq

c
ϕ.

Taking into account (32), the action can be written as

S(ξ,R, ϕ;m, q) = Sg + Sq =
lc3

κ

√
ξRFT +

l

c
qϕ. (37)

The trajectories of motion in the CS are obtained by
differentiating the action S with respect to m and q
and equating the results with new constants:

∂S

∂m
= lam,

∂S

∂q
= laq .
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From the first relation we obtain

c

√
ξ

RF
= am,

whence follows

ξ

R
=
a2
m

c2
FT =

a2
m

c2

(
−1 +

2κm

c2R
− κq2

c4R2

)
. (38)

From the second relation we find

− q

cR

√
ξ

RFT
+
ϕ

c
= aq.

Here you can put aq = 0. Then, taking into account
(38), we have

ϕ =
am
c

q

R
.

As a result, the metric (4) takes the form

ds2 =
c2

a2
mFT

(
Ñdx0

)2

− a2
m

c2
FT (dx1)2 −R2dσ2 .

After choosing new time T and radial r variables and
imposing coordinate conditions

Ñdx0 =
am
c
dR = amdT, dr =

am
c
dx1 (39)

the metric takes the standard form of the Reissner-
Nordstrom metric in the T -region

ds2 =
c2

FT
dT 2 − FT dr2 − c2T 2dσ2 .

Here we went beyond the CS and presented the
solution in ST manifold

2.5. Quasi-Cartesian coordinates in configuration
space

It turns out that the curvature tensor of the
considered CS with the metric (10) is equal to zero
and the CS is flat. Indeed, using the transformation of
field functions

ξ = η

(
cτ − x− y2

R

)
, ϕ =

1

η

y

R
,R = η (cτ + x) , (40)

where η =
√
κ/c2, CS metric (10) reduced to

Lorentzian form

dΩ2
0 = −c2dτ2 + dx2 + dy2 > 0. (41)

and admits the motions group O(1,2). We also see
that the field function τ has the meaning of the time
coordinate in the CS.

In the new field variables, the Lagrangian (6) takes
the form

L0 =
l

2c

{
1

N

(
−c2τ̇2 + ẋ2 + ẏ2

)
+
N

η2

}
. (42)

From here we find the new momenta

Pτ =
∂L

∂τ̇
= − cl

N
τ̇ ,

Px =
∂L

∂ẋ
=

l

Nc
ẋ , (43)

Py =
∂L

∂ẏ
=

l

Nc
ẏ . (44)

which are saved in the CS. The Hamiltonian constraint
in the new variables has the form

H0 =
c

2l

(
P 2

0 − µ2
)
∼ 0, (45)

where P 2
0 = −P 2

τ /c
2 + P 2

x + P 2
y is the square of

momentum with respect to metric (41).
We see that the original field configuration in the

new variables {τ, x, y} with the Lagrangian (42) and
the Hamiltonian (45) describes a free particle of mass
µ = lc/

√
κ, which moves in a three-dimensional CS

with a pseudo-Euclidean metric (41).

3. Quantum model description in CS

The problem of studying the quantum states
of the SS configuration of the gravitational and
electromagnetic fields in the coordinates (40) is
reduced to describing the states of the system in
a three-dimensional pseudo-Euclidean space, taking
into account the conservation laws Mtot = m and
Q = q. Here, the quantum states are specified by the
wave function Ψ(τ, x, y) in a flat CS with the metric
(41). The corresponding momentum operators in the
coordinate representation are determined by the partial
derivatives:

P̂τ = −i~ ∂
∂τ
, P̂x = −i~ ∂

∂x
, P̂y = −i~ ∂

∂y
. (46)

The momentum square is associated with the operator

P 2
0 → P̂ 2

0 = −~2∆0 , (47)

where

∆0 = − 1

c2
∂2

∂τ2
+

∂2

∂x2
+

∂2

∂y2
(48)

is the Laplace operator in CS with respect to the
metric (41). The Hamiltonian (45) is associated with a
quantum analog

H0 → Ĥ0Ψ = − c

2l

(
~2∆0 + µ2

)
Ψ = 0 . (49)

Let us now turn to the initial configuration with
the characteristic variables {ξ,R, ϕ} in the CS and the
metric (10). The quantum state of the configuration
under consideration is determined by the wave function
Ψ(R, ξ, ϕ) given on the CS. To introduce a quantization
procedure in curvilinear coordinates {ξ,R, ϕ}, similar
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to (46)-(49), we can use the transition formulas (40) to
transform these relations to the coordinates {ξ,R, ϕ}
into CS. In fact, it is enough for this, in all formulas
like (46)-(49), instead of partial derivatives, to use
covariant derivatives with respect to the metric (10).
So instead of (46) we have

P̂ξ = −i~∇ξ, P̂R = −i~∇R, P̂ϕ = −i~∇ϕ . (50)

where {∇ξ,∇R,∇ϕ} are covariant derivatives with
respect to (10). Now, instead of (47), (48), we get

P 2 → P̂ 2 = −~2∆, (51)

were

∆ = ∇a∇b =
1√
|G|

∂

∂qa

(√
|G|Gab ∂Ψ

∂qb

)
. (52)

is operator Laplace-Beltrami. The quantities Gab and
G are defined in (10) and (12). In this case, we naturally
come to the Laplace-Beltrami operator of the form:

∆Ψ = −2κ

c4
∂2Ψ

∂ξ∂R
− 2κ

c4
1

R

∂

∂R

(
R
∂Ψ

∂ξ

)
+

1

R2

∂2Ψ

∂ϕ2
.

Thus, in the relation (49) we must make the
substitution ∆0 → ∆, and the Hamiltonian constraint
H = 0 (22) becomes the DeWitt equation of the form

ĤΨ = − c

2l

{
~2∆ + µ2

}
Ψ = 0. (53)

One can check that the constructed operator ∆ is
Hermitian in the natural measure (13) in CS.

If the law of conservation of total mass had not been
fulfilled, then the quantization procedure could have
been completed. Such a system could be interpreted
classically as a free particle of mass µ = lc/

√
κ, moving

in a three-dimensional CS with a pseudo-Euclidean
metric (41). In the transition to a quantum picture, we
would get a plane wave. However, due to the presence
conserved mass, when quantizing, we must consider our
configuration as a superposition of plane waves, the
overall contribution of which gives the total mas m.

Thus, you should take into account the total mass.
To construct the Hermitian total mass operator, in CS
with the volume element (13), it is sufficient to use the
following ordering of operators: ξP 2

ξ ⇒ P̂ξξP̂ξ. It turns
out here that the momenta entering into the functions
of charge (29) and mass (31) can be associated with
partial derivatives:

P̂ξ = −i~ ∂
∂ξ
, P̂ϕ = −i~ ∂

∂ϕ
. (54)

Thus, the charge (29) and the total mass (31)
correspond operators

Q̂ =
c

l
P̂ϕ = −i c~

l

∂

∂ϕ
, (55)

M̂ =
1

2l2

(
l2c2

κ
R− 4κ~2

c4
∂

∂ξ
ξ
∂

∂ξ
− ~2

R

∂2

∂ϕ2

)
. (56)

For the operators introduced, the commutation
relations are satisfied[
Ĥ, M̂

]
= −2κ~2

l2c4
∂

∂ξ
Ĥ ∼ 0 ,

[
Ĥ, Q̂

]
= 0 ,

[
Q̂, M̂

]
= 0 .

Further, we construct states with a certain total
mass and charge, that is, states corresponding to the
eigenfunctions and eigenvalues of the operators of the
total mass and charge

M̂Ψm = mΨm , Q̂Ψq = qΨq . (57)

In expanded form, we have −i(c~/l)(∂)/∂ϕΨq = qΨq,(
l2c2

κ
R− 4κ~2

c4
∂

∂ξ
ξ
∂

∂ξ
− ~2

R

∂2

∂ϕ2

)
Ψ = 2l2mΨm .

The first relation gives: Ψq = Aei(ql/c~)ϕ. Therefore,
the general wave functions of the DeWitt and charge
operators, as well as the operators of the total mass
and charge, can be represented in the form

Ψ = ψ (ξ,R) ei(ql/c~)ϕ, Ψm = ψm (ξ,R) ei(ql/c~)ϕ.

According to the formula µ = cl/
√
κ and (53), (56) and

(57) ψ and ψm satisfy the equations{
2κ~2

c4
∂2

∂ξ∂R + 2κ~2

c4R
∂
∂RR

∂
∂ξ + l2q2

c2R2 − c2l2

κ

}
ψ = 0,(58)(

− 4κ~2

c4
∂
∂ξ ξ

∂
∂ξ + l2c2

κ R+ l2q2

c2R2

)
ψm = 2l2mψm.(59)

After introducing the Planck and dimensionless
quantities according to the formulas

m2
pl =

c~
κ
, l2pl =

~κ
c3
, qpl = mpl

√
κ =
√
c~ ,

ν =
m

mpl
, σ =

q

qpl
, x =

ξ

lpl
, y =

R

lpl
, χ =

l

lpl

the system of equations (58) and (59) can be rewritten
as follows

∂2ψ

∂x∂y
+

1

2y

∂ψ

∂x
=
χ2

4

(
1− σ2

y2

)
ψ , (60)

x
∂2

∂x2
ψm +

∂

∂x
ψm =

χ2

4

(
y − 2ν +

σ2

y

)
ψm . (61)

Note that the equation (61) for the mass operator does
not contain derivatives with respect to the variable y.
Therefore, we consider it as an ordinary differential
equation containing the variable y as a parameter. The
regular on the horizon general solution of the equation
(61) has the form

ψ = f(y)J0

(
χ

√
x

(
2ν − y − σ2

y

) )
, (62)
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where J0 is Bessel functions of the first kind of order
zero, f(y) is an arbitrary function.

Substituting the obtained solution into the DeWitt
equation (60) we find f(y) = C/

√
y. Ultimately, the

joint solution of the (60), (61) system has the form

ψ(x, y) =
C
√
y
J0

(
χ

√
x

(
2ν − y − σ2

y

))
. (63)

Returning to the original variables, we obtain the
following general, regular on the horizon FT = 0,
solution

Ψm,q (ξ,R, ϕ) = C

√
lpl
R
J0

(
l

l2pl

√
ξRFT

)
e

iql
c~ ϕ , (64)

where the function FT is defined in (33). As a result,
we get a model of a charged BH with a continuous
spectrum of mass m and of charge q.

4. Conclusions

Note that the coefficient N is not included in the
wave function Ψm,q(ξ, T, ϕ) (64), which determines
the amplitude of the configuration probability
{ξ, T, ϕ;m, q}, that is, points {ξ, T, ϕ} ∈ CS for
observables {m, q}. Thus, here the wave function is
determined in the CS and sets the state of the BH
in the CS.

We also mention an interesting connection between
the classical action (37) and the wave function (64).
For this we turn to the decomposition of S (37) into
two components Sg and Sq. The components written
out are coinciding with the arguments of the Bessel
function and exponent in (64). Substituting these
values into (64), we obtain

Ψm,q (ξ,R, ϕ) = C

√
lpl
R
J0

(
Sg
h

)
ei

Sq
~ .

The state vector of a charged BH is expressed through
the components Sg and Sq of the classical action.

We see that Sg is contained in the argument of
the Bessel function and Sq is in the exponent argument.
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