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ABSTRACT. In this paper, we study the distribu-
tion of images from a point source in N - point gravi-
tational lenses.

It is well known that in a Schwarzschild lens (N =
1) from a point source, there are always two images.
Moreover, one of them is always inside the Einstein
ring, and the second outside it. It follows that:

a) the image plane is divided into two areas;

b) in each area there is always only one image;

c¢) the source plane, with the exception of the
caustic point (origin), is uniquely mapped onto each of
the two areas of the image plane.

In our study, we describe an algorithm that allows
us to determine the single-valued regions in a 2-point
gravitational lens and demonstrate it using an exam-
ple of a binary symmetric lens in which the distance
between the point masses is 1. We have shown that
in this case the full prototype of the caustic divides
the image plane into eight simply connected areas that
have the following properties:

a) if the point source is inside the caustic, then it
has five images in five (internal) areas;

b) if the point source is outside the caustic, then
it has three images in three (external) areas;

¢) in each area there can be no more than one
image;

d) if the image of a point source is located in
one of the five internal areas, then the remaining four
also have images, while none of the three external areas
have images of the source;

e) if the image of the source is located in one of
the three external areas, then its images also exist in
the remaining two, while none of the five internal areas
contains a prototype of this source;

f) a caustic is a continuous, piecewise smooth,
closed Jordan curve that has a finite number of singular
points; each smooth, open part of the caustic, the ends
of which are singular points (the caustic arc) has four
inverse images, of which only one belongs to the critical
set, the caustic arcs are positively oriented (when going

around, the interior of the caustic remains to the left;

g) the boundaries of the regions consist of arcs
(closure of the image of arcs) with a hereditary orien-
tation; all eight regions are divided into the following
two classes: four regions in which the orientation of the
boundary coincides with the orientation on the caustic
and four regions in which the orientation of the bound-
ary is opposite to the orientation on the caustic.

Keywords: gravitational lensing: lens mapping,
single-valued regions, image distribution.

AHOTAIIIA. B gaumiit pobori MU J0CITIIZKYEMO
po3momizi  300pakeHb TOYKOBOrO mkepega B N
TOYKOBUX I'PaBiTAIIfIHAX JIiH3AX.

Hobpe Binomo, mo B minsi [Msapmmuibaa (N =
1) Bim TOYKOBOrO JpKepesia 3aBXKJU ICHYE JBa
300pasKeHHs. [Ipuwomy oaHO 3 HHX 3aBXKIU
3HAXOIUTHCS BeepeauHi Kinbig Eitamreiina, a imime
30BHI HBOI'O. 3BIJICH CJIJIYE IIO:

a) mommHa 300paykeHb pO30MBaETbCT HA B
0b61acTi;

b) B KOXKHiii 006JIaCT] 3aBXKIU 3HAXOAUTHCS JIHIIIE
ofTHE 300paKEHHST;

C) IUIOAIIMHA JKEepeJsa, 3a BHUKJIOYEHHSIM TOYKU
KayCcTUKU  (II04aTka  KOODAWHAT),  OJHO3HAYHO
BiToOparKyeThbCs Ha KOXKHY i3 IBYyX obJacTeil IJI0CKOCTI
300pazkeHb.

B pobori onmcanuit asropuT™m, HAKHN JTO3BOJISE
BizHAUUTU 00JIaCTI OJHO3HAYHOCTI B 2-X TOYKOBIit
rpaBiTamifiuiin JinH3i. Mu pemoHCTpyeMO WOro Ha
npuKIIal 6iHAPHOT CHMETPUYIHOI JIH3Y B SKiil BicTaHb
Mi>K TOYKOBHMH Macamu jgopiBaioe 1. Mwu mokasamm,
[0 B TAaKOMy BHIIAJKy IOBHHUII IpOOOpa3 KayCTUKH
po30uBa€ IIOMINHY 300parkKeHb Ha BiCIM OJIHO3B’I3HUX
obJtacreii. IIi obGsacTi BOJIOMIIOTH HACTYIHUMU
BJIACTUBOCTSIMU:

a) SIKIIO TOYKOBE JIPKEPEJIO 3HAXOIUThCS BCEPEeINHI
KayCTUKHU, TO BOHO Ma€ II'Th 300paKeHb B II ATHU
(BHyTpimHiX) 061aCTAX;

b) 4KIIO TOYKOBE JKEPEIO 3HAXOAUTHCA 30BHI
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KayCTUKM, TO BOHO Ma€ TPU 300pa’keHHs B TPbOX
L N
(30BHIIIHIX) 06IACTAX; — z —an
. ) . Y=o Z mn (z1—an)?+(z2—bn)?
¢) B KOXKHIIl 06s1acTi MOXKe 3HAXOIUTHCS He Oliblie n=1 (1)
N I’
OJTHOTO 300pasKeHHsT; D To—ap
d o Y2 = T2 Z Mn (Qfl_a7l)2+(x2_bn)2
)  AKImIO  300pakeHHS ~ TOYKOBOIO  JIZKEpesa n=1
A oo .
SHAXONUTRCA B OAHii i3 m'awm BHyTpimmix oOmacredl, where v,y - dimensionless coordinates of point

TO B YOTHPBHOX OOJIACTAX, IO 3SAJUINUJINACH, TAKOK
3HaXOIATHCA 300pakKeHHs, IPUYOMY B 2KOJTHIH i3 TPHOX
30BHIIIHIX 06JIacTell HeMae 300parkKeHb IXKepea;

€) SIKIIO 300paykeHHs JpKepesia 3HAXOAUThCsI B OJIHi
i3 TpbOX 3OBHIMHIX 00JAacCTEil, TO B JAByX 00JACTSX,
IO 3aJIUIIUJINCS, TAKOXK ICHYIOTh HOro 300paKeHHs,
IpuIoMy Hi B OmHIN i3 mWaTm BHyTpimHiX obsacreit
HeMae Ipoobpas3y JAHOTO JKEPEa;

f) xaycruka € HelepepBHA,
3aMKHyTa JKODJIAHOBAa KpHBa, IO Ma€ KiHIEBe
YUCJI0 OCODJIMBUX TOYOK; KOYXKHA TIJIaJKa BiIKpHUTa
YaCTHHA KAyCTUKHU, KiHI] KOl - 0co6JuBl ToYKH (myra
KAayCTUKU) Ma€ YOTHpU [pooOpasu, 13 dKuX JIMIIle
OJ/INH HAJIEYKUTh KPUTHIHIN MHOXKWHI, JIyI'l KayCTHKHI
3opienroBani 1mo3uTuBHO ( IpH 006XOJl BHYTPINIHICTH
KayCTUKU 3aJIUIIAeEThCs 3I1iBa);

g) rpaHuni obsacreil  CKIAJAIOTHCA i3 YT
(samukaroun  300pazkeHHsI  JYr) 3 CIAIKOBOIO
opieHTaIi€ro; yci Bicim obsacTeil JiIAThCA Ha HACTYIIHI
JBa KJIACH: 490THpU O0OJIacTi, B SKUX Opi€HTAIlist
TPAHMIN CHIBIAJAE 3 OPIEHTAIEI0 HA KAYCTHII,
Ta YOTHPH 00JsacTi, B HKUX OpIE€HTAIid TI'paHUIL
IIPOTHUJICYKHA JIO OPi€HTAIlI] Ha KayCTHII.

KYyCOYIHO-TJIa/JIKa,

KurouoBi ciioBa: rpasirarmiiine JiH3yBaHHS, JIIH30BE

BioOparkeHHs, 00/aCTi OIHO3HAYHOCTI, PO3MOILIT
300parKeHb.

1. Introduction

Gravitational lensing effects (Bliokh&Minakov,

1989; Zakharov, 1997; Schneider, 1999) are becoming
more and more essential, when different astrophysical
objects (Gaudi et al. 2008; Han et al. 2013; Gould et
al. 2014) and even the whole Universe is studied. From
the one hand, it is connected with a development of
technologies and engineering solutions. On the other
hand, mathematical models development (Bronza &
Kotvytskiy, 2017; Kotvytskiy, Bronza & Shablenko,
2017; Kotvytskiy & Bronza, 2016) allows us to do more
profound conclusions based on already received obser-
vation data. In this study, we show how lens plane can
be split into a several areas, where in every area there
is the only one point source image. We call the areas
as a single-valued region and we study their properties.

2. General approach

System of equations that describes N-point gravita-
tional lens is:

source, x1,x2 - dimensionless image positions, (a,,by,)
- coordinates of point masses m,,. Dimensionless point
masses are normalized:

N
Zmn =1.
n=1

Equation (1) gives a single-valued mapping L

(2)

L: (RX\A) — R (3)

of lens plane R%, where points with point masses are
deleted, to source plane R3..
We introduce new complex variables z u ¢

(4)

Then system of equations (1) becomes (Kotvytskiy&
Shablenko&Bronza, 2018):

z =1+ T2i, (= y1 + y2i.

N 1
(==Y m— (5)
ot z— A,

where A,, = a,, + ib,, are coordinates of point masses
in complex form, Equation (5) specifies mapping
L:(CA\A) = C¢ (6)

of complex plane C, (with deleted points) to complex

plane C¢.
Mapping Jacobian (5) is given by following equation
9(¢.<)
J=J(L)= 7
=523 @
Then equation
J=0 (8)

defines the critical set © of mapping (5). Set image O
is a caustic K. The caustic is specified by mapping

K =L(©). 9)

Thus pre-image of the caustic is an image of critical
set.

We build complete pre-image of the caustic in lens
plane to define single-valued regions (Balk, Petrov &
Poluchin, 1976). Inverse mapping of (6) is defined by
set

Q= L7'(K) = L7 (L(©)), (10)

This is the complete pre-image of caustic. Mapping

L~ is not single-valued, hence sets Q and © do not
coincide.
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Figure 1: Critical curve of binary symmetrical lens
with a = 0.5

3. Binary lens

We demonstrate the algorithm, described in previ-
ous paragraph, for symmetrical binary lens with equal
masses. Then from (2), we have:

mip =mo = 1/2

(11)

Assume without loss of generality, that point masses
are located on real axis with distance a from origin, i.e.

A1 =a, A2 = —a. (12)
In this case, equation (5) is given by:
z
CZZ_Z2—CL2’ (13)

which defines mapping (6). Then Jacobian (7) is given

by
(a2 + 22) (a2 + 22)
(=) (@ =2
It follows from (8) that critical set © is defined by
equation:
2 4 ,2) (42 4 52
G +Zz(“ +Z)2. (15)
(@ -2 (@ - )

It is known (Dank & Heyrovsky 2015), that critical
set, defined by equation (15), is split on a few classes
depending on parameter a. When

a<1/(2v2),

J=1-

(14)

(16)

critical curve consists of three closed Jordan curve - the
two of them are inside the third. When
a=1/(2V2) (17)

critical set is represented as a closed curve with two
self-crossing. When

1/(2v2) <a <1, (18)

(

Figure 2: Caustic of symmetrical binary lens with a =
0.5

\4..-_./
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Figure 3: Caustic of symmetrical binary lens with ori-
entation

there is a closed Jordan curve. With

a>1, (19)

there are two closed Jordan curves, the one is outside
the second.

We confine the study with case (18). We chose pa-
rameter a = 0.5. The form of the critical curve is on
Fig. 1. Caustic is the image of critical set (9). Thus,
critical curve showed on Fig. 1 corresponds to caustic
showed on Fig. 2.

For the following analysis we depict each arc of caus-
tic with different style and give them number (arcs’
orientation correspond to orientation that is accepted
in complex analysis (see Fig. 3)).

Arc’s orientation of complete caustic pre-image is in-
duced by caustic orientation. Note, that caustic pre-
image (i.e. critical curve) in complete pre-image has
opposite to critical curve orientation (Fig. 4).

It is necessary to build complete caustic pre-image
according to (10) to define single-valued regions , as
it was noted previously. In our case, we have curve
(Fig. 5).

Complete caustic pre-image split lens plane into 8
two-dimensional regions. In order to define internal
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Figure 4: Critical curve of symmetrical binary lens
with orientation

Figure 5: Complete caustic pre-image of symmetrical
binary lens with orientation

and external regions on lens plane, we set three point
sources on source plane, that is shown in form of tri-
angle, square and star (Fig. 6).

Sources are located out of the caustic, on the caus-
tic and inside the caustic respectively on Fig. 7. The
caustic orientation is not shown on Fig. 7.

It is known, that source located inside the caustic
has five images, on the caustic - four images, and out
of the caustic - three images (Fig. 7).

It is known from the theory of functions of several
complex variables, that an image of any of the five
internal regions is interior of the caustic, when the
mapping is L. And an image of any of the three
exterior regions - caustic exterior. Moreover, restric-
tion of mapping L on the regions is homomorphism.
Thus, eight regions are single-valued regions. Conse-
quently, if we have five images, these images are in
interior regions, and then there are no images in three
exterior regions. Orientation, that is defined on the
caustic, induces orientation on lens plane of each of
eight regions. Boundary of four regions are oriented
positively, and another four - negatively (Fig 8).

\—/
0.5+
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-05 X 0.5
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3 1
T

Figure 6: Caustic of symmetrical binary lens with three
point sources

Figure 7: Distribution of caustic images and three
point sources in symmetrical binary gravitational lens

Figure 8: Division of complete caustic pre-image on
positively (grey) and negatively (white) oriented re-
gions
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