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ABSTRACT. Glueball and oddball resonances lying
on the pomeron/odderon trajectories (Chew-Frautchi
plot) with threshold and asymptotic behaviour re-
quired by analyticity and unitarity are predicted.
While the parameters of meson and baryon trajecto-
ries can be determined both from the scattering data
and from the particles spectra, this is not so for the
pomeron (and odderon) trajectory, known only from
fits to scattering data only.

The main idea in our approach is in use of a non-
linear complex Regge trajectory for the pomeron satis-
fying the requirements of the analytic S-matrix theory
yet fitting the data. The crucial task, on which glueball
(and oddball) predictions are based is the correct fit of
the pomeron (and odderon) trajectory to the data.

The basic sub-process is pomeron-pomeron scatter-
ing, producing glueballs lying on the direct-channel
pomeron trajectory. Glueball B “towers”, called
reggeized Breit-Wigner resonances, lie on this trajec-
tory. Crucial for the identification of these states is
knowledge of the non-linear complex trajectory, inter-
polating between negative and positive values of its
argument. Its parameters are found trom to the scat-
tering data. While the real part of the trajectory is
almost linear, the recovery of the imaginary part, de-
termining the widths of predicted glueballs, is an im-
portant ingredient in our approach.

Oddballs, resonances made of three gluons have the
same right of existence as glueballs made of two gluons.
Oddballs are expected to lie on the odderon trajectory
exactly in the same way as glueballs lie on the pomeron
trajectory.

The trajectory introduced in this paper can be ap-
plied also to studies or ordinary meson and baryon
spectra (Chew-Frautchi plot).

The parameters of the pomeron and odderon tra-
jectories are fitted to the data on high-energy elastic
proton-proton scattering. The fitted trajectories are
extrapolated to the resonance region to predict masses
and widths of glueballs and oddballs. Appended by
unitary symmetry, the Chew-Frautchi plot remains a

powerful tool to classify hadrons. The proposed tra-
jectory opens a new avenue of research in hadron spec-
troscopy (Chew-Frautchi plot), applicable both to or-
dinary mesons and baryons as well as to glueballs lying
on the pomeron and odderon trajectories.

Keywords: Regge trajectories, resonances,
pomeron, odderon, glueball, meson, baryon.

AHOTAIIA. Ilepenbadeno pesoHancu IyoboJIIB
Ta, OADOJIB, IO JieXKATh HA TPAEKTOPil MOMEpPOHA
(ommepona, rpadik Ho-Ppayui) 3 noporom Ta
ACUMITOTUYHOIO TOBEJIIHKOIO, 10 33 I0BLIbHAIOTH
BUMOTaM aHAJITUYHICTI Ta yHiTapuicti. B Toit wac,
sIK MapaMerpbl ME30HHUX Ta OapPIOHHUX TPAEKOTOPiil
MOXKHA BIKHAUYATH HAK 3 JIAHUX I[IPO PO3CISTHHS,
TaK 1 31 CIeKTpa YacHUHOK, Il€ HEMOXKJIUBO JIJIs
TpaekTopiil momepoHa (Ta OJJIEPOHA), IPO $Ki MU
MaeMo iHdopMarriio uire 3 JaHUX PO PO3CisHHS.

OCHOBHOIO HAIIEIO i/I€€I0 € 3aCTOCyBaHs HeJIHIHHIX
KOMILJIEKCHUX TpaekTopiit Pemxke, 1Mo 3a10BLIbAIOTH
BUMOTaM AaHAJITUYIHOI Teopil S— wmarpuni 1 mpwm
IIbOMY OIHUCYIOTH JIaHi. Kpurnunum € 3roma 3
E€KCIIEPUMEHTALHUMU JTAHUMU.

BasoBum € mig-mpomec poscisHHS TTOMEPOHIB 3
MPOYKYBaHsIM TJIIO00JIIB, IO JIEXKATh Ha, TPACKOTPil
[IOMEPOHA B IpsiMOMY KaHaJi. CTOBIYMKU TJIFO0OJIIB,
dKI MH Ha3WBAEMO PEJI2KE30BAHHUME PE30HAHCAMU
Bpeitra-Birmepa,  Jjexarp Ha 1miii  TpaekTOpil.
Kpurwannm g izentudikaril mux cTaHiB € 3HAHHSI
HEJIIHITHOI0O KOMITEKCHOI TPAaeKTOpil, sKa IHTEePIIOJIIOE
Mi?K HETaTUBHUMH Ta TO3UTUBHUMU 3HAYCHHSIMU
apryMeHTa. B Toit wac, K peajgbHa YACTHUHA
TpaeKTopil Maiike JIiHiTHA, 3HAXOJXKEHHHA 11 yABHOI
9aCTUHU, $Ka JA€ BU3HAYAE IMAPUHA TJIIO0OJIIB, €
BaXKJIMBOIO OPUTIHAJIBHOIO YACTHHOIO HAIIOTO TIIXOJTY.

Oxbonu - pe3oHAHCH, fAKi CKJIJAIOTHCS 3 TPHOX
IJIIOOHIB, MAalOTh TaKe caMe IpaBO Ha ICHYBaHHS,
AK 1 TUII000M, IO CKJIAJAI0THCSI 3 JIBOX TUIIODOJIIB.
Mu mporao3zyemo, 1o Of00JN JieXKaTh Ha TPAEKOTPil
OJIepOHa TaK Ccamo, $K TJII000JM - Ha TPaeKTOpil
IIOMEPOHA.
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Tpaekoropii 3ampornoHoBani B mamHiit pobOTI MOKHA
3aCTOCYBaTH  TaKOX JI0 JIOCJIJPKEHHS  CIIEKTPIB
3BUYAHUX ME30HIB Ta OapioHiB.

ITapameTpu TpaekTopil TOMEpOHa Ta OJJEPOHA
[IPUB’sI3aH1 0 JAHUX BUCOKOEHEPIreTUIHOI'O IIPYKHOTO
IIPOTOH-TIPOTOHHOTO  PO3CIIOBAHHS. Iligirmani
TPAEKTOPil EeKCTPAIoJbOBaHI B 00JACTh PE30HAHCIB
JI7IsI TiepebateH s Mac i MUPUH TII000 B Ta 0A00JTiB.
Pazom 3 ynitapuoto cumerpieio, rpadik HYio-Ppaydi €
MIOTYKHUM 1HCTPYMEHTOM y Kjacudikaril aJIpoHiB.
KuarouoBi caoBa: Tpaekropii Pemxe, pesonamcn,
ITOMEPOH, OJIIEPOH, TJII000JI, ME30H, OapioH.

1. Introduction

Regge trajectories a(t) connect the scattering region,
t < 0 with particle spectroscopy, ¢ > 0. In this way
they realize crossing symmetry and anticipate duality:
dynamics of two kinematically disconnected regions are
interrelated. The behaviour of trajectories both in the
scattering and particle region is close to linear. This
observation, combined with the properties of dual mod-
els and hadron strings resulted in a prejudice of the
linearity of Regge trajectories. Appended by unitary
symmetry, the Chew-Frautchi plot remains a powerful
tool to classify hadrons.

Unitarity imposes (Barut et al., 1962) a severe con-
straint on the threshold behavior of the trajectories:

(1)

while asymptotically the trajectories are constrained
by (Bugrij et al., 1973)

a(t)
Vitlnt

%O‘(t)t—ng ~ (t _ to)a(tO)Jrl/Q,

(2)

< const.

t—o00

The above asymptotic constrain can be still lowered to
a logarithm by imposing (Jenkovszky, 1987 and earlier
references) wide-angle power behaviour for the ampli-
tude. While the parameters of meson and baryon tra-
jectories can be determined both from the scattering
data and from the particles spectra, this is not true
for the pomeron (and odderon) trajectory, known only
from fits to scattering data only (negative values of
its argument). An obvious task is to extrapolate the
pomeron trajectory from negative to positive values to
predict glueball states at J = 2,4,... non has been
found. Given the nearly linear form of the pomeron
trajectory, known from the fits to the (exponential)
diffraction cone, little room is left for variations in the
region of particles (¢t > 0.)

We continue the lines of research initiated in (Fiore
et al., 2016) and (Fiore et al., 2018) in which an an-
alytic pomeron trajectory was used to calculate the
pomeron-pomeron cross section in central exclusive

production measurable in proton proton scattering.
The basic idea in that approach is in the use of a non-
linear complex Regge trajectory for the pomeron sat-
isfying the requirements of the analytic S-matrix the-
ory and fitting the data. Fits imply high-energy elas-
tic proton-proton and/or proton-antiproton scattering
(with the odderon in mind!).

The basic sub-process is pomeron-pomeron scatter-
ing, producing glueballs lying on the direct-channel
pomeron trajectory, with a triple pomeron vertex.
Glueball s Bmtowerss DK, i.e. excited glueball states,
called reggeized Breit-Wigner resonances, lie on this
trajectory. Crucial for the identification of these states
is knowledge of the nonlinear complex trajectory,
interpolating between negative and to positive values
of its argument. Its parameters are fitted to the
scattering data. While the real part of the trajectory
is almost linear, the recovery of the imaginary part,
determining the widths of predicted glueballs, is a
highly non-trivial problem.

2. Simple analytic Regge trajectory

What is the simplest ansatz for a Regge trajectory
satisfying the following constrains: a) threshold behav-
ior imposed by unitarity, Eq. (1), b) asymptotic behav-
ior constrained by Eq. (2), ¢) yet compatible with the
nearly linear behavior in the resonance region (Chew-
Frautchi plot)? Attempts and explicit examples can
be found in a number of papers, see e.g. (Fiore et al.,
2016 and 2018) and (Szanyi., 2017) and earlier refer-
ences therein.

The trajectory:

B 146+ at
L+ oz (Vo —t— /o)

where tg = 4m?2 for pomeron and ¢y = 9m?2 for odderon
and 4, ay, ag are adjustable parameters, to be fitted to
scattering (¢ < 0) data with the obvious constrains:
a(0) ~ 1.08 and &/(0) ~ 0.3 (in case of the pomeron
trajectory). Trajectory Eq. (3) has square-root asymp-
totic behavior, in accord with the requirements of the
analytic S-matrix theory.

With the parameters fitted in the scattering region,
we continue trajectory Eq. (3) to positive values of t.
When approaching the branch cut at ¢ = ¢y one has to
chose the right Riemann sheet, For ¢ > t; trajectory
Eq. (3) may be rewritten as

a(t) (3)

B 146+ aqt
T 1—an(ivi—to + Vi)

with the sign "minus" in front of ag, according to the
definition of the physical sheet.

For t >> to, |a(t)] = 2\/[t]. For t > to (on the
upper edge of the cut), Ima > 0.

a(t)

(4)
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The intercept is «(0) = 1+ § and the slope at t =0
is

a'(0) = a1 + az

Wi (5)

To anticipate subsequent fits and discussions, note
that the presence of the light threshold t, = 4m?2
(required by unitarity and the observed "break" in
the data) results in the increasing, compared with the

"standard" value of about 0.25 GeV~—2, slope.

The crucial task, on which glueball (and oddball)
predictions are based is the correct fit of the pomeron
(and odderon) trajectory to the data. Credibility of
such predictions depend on the reliability of these fits.
The most direct and reliable ways to fit the pomeron
(and odderon) trajectory are those to high-energy elas-
tic nucleon scattering, of which the LHC data on
proton-proton scattering, dominated by pomeron ex-
change are the best. The contribution of secondary
trajectories here is negligible.

The situation, however is not that simple. The
smooth, nearly exponential small-|¢| part of the cone
(It] < 0.3 before the dip) at the LHC is too short to
fit the trajectory and provide its reliable interpolation
to large positive values, where glueball are expected.
Fits in this limited interval are under control and the
small deviation from and exponential of the cone,
can be parametrized by a pomeron (and odderon)
exchange within the simple Donnachie-Landshoff
model (Donnachie et al., 2002), see next Section,
where the resulting trajectory inherits the curvature,
called "break" seen both at the ISR and LHC near
t~ —0.1 GeV2.

3. Glueballs and Oddballs

3.1. Pomeron/odderon trajectories in Central
Exclusive Production

Central exclusive diffractive (CED) production con-
tinues to attract the attention of both theorists and
experimentalists, see e.g. Refs.(Fiore et al.,2018, Ew-
erz et al., 2019) and references therein. This interest
is triggered by LHC’s high energies, where even the
sub-energies at equal partition are sufficient to neglect
the contribution from secondary Regge trajectories and
consequently CED can be considered as a gluon factory
producing exotic particles such as glueballs.

In single-diffraction dissociation or single dissocia-
tion (SD) one of the incoming protons dissociates, in
double-diffraction dissociation or double dissociation
(DD) both protons dissociate, and in central diffrac-
tion (CD) or double-Pomeron exchange (DPE) neither

proton dissociates. These processes are listed below,

SD pp—p'p

or pp— pp*

DD pp —p*p*
CD (DPE) pp — pXp,

where p* represents a diffractively dissociated pro-
ton and X denotes a central system, consisting of
meson/glueball resonances. Schematic diagrams are
shown in Fig. 1.

1 2 3
f(t) flt)
S a(t) %

f(t)

4

Figure 1: Regge-pole factorization.

The basic sub-process is pomeron-pomeron scatter-
ing, producing glueballs lying on the direct-channel
pomeron trajectory, with a triple pomeron vertex.
Glueball B DmwtowerssDK, i.e. excited glueball states,
called reggeized Breit-Wigner resonances, lie on this
trajectory. Crucial for the identification of these states
is knowledge of the non-linear complex trajectory, in-
terpolating between negative and positive values of its
argument. Its parameters are fitted to the scattering
data. While the real part of the trajectory is almost
linear, the recovery of the imaginary part, determining
the widths of predicted glueballs, is a highly non-trivial
problem.

In the present paper, by introducing a new model of
the Regge trajectories, both for the pomeron and odd-
eron, we continue studies along the lines of Ref. (Fiore
et al., 2016 and 2018) . We first fit the parameters
of those trajectories to high-energy elastic scattering
data then extrapolate the fitted new trajectories to
the particle region to predict the masses and widths
of the glueballs and oddballs lying respectively on the
pomeron and odderon trajectories.

3.2. Scattering amplitude, cross sections, resonances

In (Fiore et al., 2018) the resonances contribution to
pomeron-pomeron (PP) cross section was calculated
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from the imaginary part of the amplitude by use of the
optical theorem

[Py = SmA(MQ,t:O) =

. ]J+2%ma(M2)
RN M)+ (Sm a(M2))?
(7)

In this Section we concentrate on the pomeron. In
this case Eq. (7) reduces to

E7+2 Sm a(M?)
P(m?) =
az (J — Re a(M?))2 + (Sm

(6)

§Rea

a(M?))?’
(8)
where k = f;(0), and, for simplicity here we set k = 1.
We start by comparing the resulting glueball spectra
in two ways: first we plot the real and imaginary parts
of the trajectory (Chew-Frautchi plot) and calculate
the resonances’ widths by using the relation (see: e.g.
Eq. (18) in R.Fiore et al. 0404021)

28 a(s)

Fs (o)

=M?) =

9)
where o/ (s) = dRea(v/s)/d+/s.

3.3. Regge-pole fits to high-energy elastic scattering
data

High-energy elastic proton-proton and proton-
antiproton scattering, including ISR and LHC energies
was successfully fitted with non-linear pomeron trajec-
tories in a number of paper, see (Jenkovszky et al.,
2018) and references therein. Since here we are inter-
ested in the parametrization of the pomeron (and odd-
eron) trajectories, dominating the LHC energy region,
we concentrate on the LHC data, where secondary tra-
jectories can be completely ignored in the near forward
direction.

While at lower energies, e.g. at the ISR, the diffrac-
tion cone shows almost perfect exponential behavior
corresponding to a linear pomeron trajectory in a wide
span of 0 < —t < 1.3 GeV?, violated only by the
"break" near t ~ —0.1 GeV?, at the LCH it is almost
immediately followed by another structure, namely by
the dip at t ~ —0.6 GeV2. The dynamic of the dip
(diffraction minimum) has been treated fully and suc-
cessfully (Szanyi, Bence et al, 2019), however those
details are irrelevant to the behavior of the pomeron
trajectory in the resonance (positive s) region and
expected glueballs there, that depend largely on the
imaginary part of the trajectory and basically on the
threshold singularity in Eq. (3).

In Fig. 2 we show a fit to the low-|t| elastic proton-
proton differential cross section data (The TOTEM col-
laboration, 2018) at 13 TeV with a simple model:

Ap(s,t) = aPebpte—iﬂ'ozP(t)/Q(s/SUP)aP(t)7 (10)

=
o
w

Vs=13 TeV, pp
= 7 TOTEM data
— Regge SP fit

do_/dt [mb/GeV?]

",

10?

Sg

s

014
-t [GeV]

000 002 004 006 008 010 012

Figure 2: pp differential cross section at 13 TeV fitted
to the model: Eq. (10) and trajectory Eq. (3)

0.04

{s=13 TeV, pp
0 TOTEM data
—— Regge SP fit
A=634.33+043
B =20.47 £0.01

b,

L1

f 1

0.02

(do,/dt-Aexp(-Bt))/Aexp(-Bt)

i b "y \
0.00/— ; T i
T AR 11T
-0.02
000 002 004 006 008 010 012 014
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Figure 3: Normalized pp differential cross section at
13 TeV fitted to the model Eq. (10) with trajectory

Eq. (3)

where ap(t) is given by Eq. (3) (changing variable s to
variable t). We used the norm:

do

T (11)

= SlAp(s DI
Fig. 3 shows the normalized form of the differential
cross section (used by TOTEM (The TOTEM col-
laboration, 2018)) illustrating the low-|t| "break" phe-
nomenon (Jenkovszky et al., 2018) related to the non-
linear square root term in the pomeron trajectory.
However, it should be also noted that the "break" may
result from the two-pion threshold both in the trajec-
tory and the non-exponential residue, as discussed in
(Jenkovszky et al., 2018).

Fits with the SP model is quite simple. However,
they are not sensitive to the odderon and thus are not
suitable to predict oddballs. A more advanced, DP
model was considered in (Szanyi et al., 2019) with the
result shown in the figure below.
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3.4. Glueball and Oddball spectroscopy

The non-linear trajectory can be applied to glue-
balls and oddballs (Szanyi et al., 2019). The real and
imaginary part of the pomeron trajectory obtained by
the SP (simple model of scattering amplitude) and DP
(double-pole model) fits to high energy elastic scatter-
ing data are shown in Fig. 4 and Fig. 5. Fig. 4 shows
also the predicted glueballs (with their widths) lying on
the on the pomeron trajectory. The slope of trajectory
is shown in Fig. 6.

The predicted pomeron component of the PP total
cross section with the calculated ratios of neighboring
resonances’ widths both SP and DP case are shown in
Fig. 7.

Table 1: Fitted parameters of the pomeron and odd-
eron trajectories, see (Szanyi et al., 2019).

Pomeron
a 1.08009 + 0.00005
b [GeV™3  0.2980 + 0.0021
¢ [GeV™Y  0.02467 £ 0.00128

Table 2: Fitted parameters of the pomeron and odd-
eron trajectories in the DP model, (Szanyi et al., 2019).

Pomeron Odderon

a 1.04592 + 0.00005 1.6131 £ 0.0020
b [GeV_Q] 0.3042 4+ 0.0009 0.1987 + 0.0010
c [Gerl] 0.05880 4+ 0.00046  0.08483 £ 0.00155
R L L O A A N RN RN RS~ o Pl
=3 i - glueball state with its width
81 8 i — SP model Y S
o

- - DP model

J=
[e2]

_ s b b b b b b b Ly
20 5 0 5 10 15 20 25 30 35
t=M [GeV)

Figure 4: Real part of the pomeron trajectory Eq. (3)
both for the SP and DP models as functions of ¢t. The
widths of resonances (glueballs) are shown as horizon-
tal error bars.

Oddballs, resonances made of three gluons have the
same right of existence as glueballs made of two gluons.
Oddballs are expected to lie on the odderon trajectory

g 1051‘”‘””‘”” 3
= F — SP model 4
g L et =
E L -- DPmodel ___.--777 i
1= - -

L -7 ]

Lo i
10‘1;' =

L ]

: i
o2l b b b b Lo L

5 10 15 20 25 30 35
t= M [GeV

Figure 5: Imaginary part of the pomeron trajectory
Eq. (3) both for SP and DP models as functions of ¢.

= 045 ——— 7
= r P model :
04- -~ bPmodel ;
0.35 ;
0255 === 777" i
0.2; | P I | ‘ =

-10 _8 % . . |
t[GeV]

Figure 6: Slope of the pomeron trajectory Eq. (3) both
for SP and DP models as functions of ¢.

—_ 2 o
-g 10 E T pomeron component (SP)
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&
S r v glueball peaks
5 10 J=2 -
© E v 3
r J=6 8
e E
107 ’I, =
2L L e e b
1077 2 3 4 5 6 7
M [GeV]

Figure 7: The pomeron component in PP total cross
section for two different amplitude models.

exactly in the same way as glueballs lie on the pomeron
trajectory.

The real part of the odderon trajectory are shown
in Figs. 8. The predicted oddballs (with their widths)
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Figure 8: Real part of the odderon trajectory Eq. (3) Figure 11: The odderon component in the total cross
as function of . The widths of resonances (oddballs) section for two different models.
are shown as horizontal error bars.
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Figure 12: Fit of the non-linear rho trajectory. Here

Figure 9: Imaginary part odderon of the trajectory sp = 4m?2
Eq. (3) both for SP and DP models as functions of . T
o 04r . _
el r ] = ; Experimental width
° - — DP model §5'55 I
0-35f x 5;7 ITheoreticaI width
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Figure 10: Slope of the odderon trajectory Eq. (3) both Figure 13: Fit of the A-trajectory trajectory, so =

2
for SP and DP models as functions of . M + ml’) :
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lying on the on the odderon trajectory are also shown.

4. Mesons and baryons

The trajectory introduced in this paper can be ap-
plied also to studies or ordinary meson and baryon
spectra (Chew-Frautchi plot). Figs 12 and 13. The
theoretical (calculated using non-linear trajectory) and
experimental widths are shown as red and green lines,
respectively. Note that the mesons and baryon‘s widths
data is available, which is opposite to the pomeron case,
which allows making more precise fits.

Data about mesons and baryons were taken from M.
Tanabashi et al. (Particle Data Group), Phys. Rev. D
98, 030001 (2018) and 2019 update.

Table 3: Values of the parameters of the meson and
baryon trajectories, calculated from corresponding fits.
p — mesons A — baryons
a 0.466118 +0.001389 0.167111 +0.116851

0.880401 £ 0.002208  0.858974 % 0.057756
0.017517 £+ 0.000869  0.027311 + 0.004087

5. Conclusions

Trajectory as Eq. (3) opens a new avenue in hadron
spectroscopy (Chew-Frautchi plot), applicable both to
ordinary mesons and baryons as well as to glueballs
lying on the pomeron and odderon trajectories. Work
in this direction is in progress. Appended by unitary
symmetry, the Chew-Frautchi plot will remains a
powerful tool in hadron spectroscopy.
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