38

Odessa Astronomical Publications, vol. 31 (2018)

DOI: http://dx.doi.org/10.18524/1810-4215.2018.31.144667

2-FIELD MODEL OF DARK ENERGY
WITH CANONICAL AND NON-CANONICAL KINETIC TERMS

O. Sergijenko

Astronomical Observatory, Taras Shevchenko National University of Kyiv,
Observatorna str. 3, Kyiv, 04053, Ukraine, olga.sergijenko.astro@gmail.com

ABSTRACT. For some parametrizations of the
dark energy equation of state that varies in time
there is transition from quintessence to phantom or
vice versa at a certain redshift. Quintom — the 2-field
model with 2 canonical kinetic terms (one with the
“4+” sign for quintessence and one with the “” sign
for phantom) and a potential U(¢,§) in Lagrangian
— is one of the most popular scalar field models
allowing for such behavior. We generalize quintom
to include the tachyonic kinetic term along with
the classical one. For such a model we obtain the
expressions for energy density and pressure. For the
spatially flat, homogeneous and isotropic Universe
with Friedmann-Robertson-Walker metric of 4-space
we derive the equations of motion for the fields. We
discuss in detail the reconstruction of the scalar fields
potential U(¢,£). Such a reconstruction cannot be
done unambiguously, so we consider 3 simplest forms
of U(¢,£): the product of ®(¢) and Z(£), the sum of
®(¢) and E() and the sum of ¢(¢) and Z(€) to the xth
power. The second additional assumption that should
be made is about the dependence of either kinetic
term X4 or X¢ on the scale factor a. For each case we
obtain the reconstructed potentials in the parametric
form. If it is possible to invert dependences of the
fields ¢ and £ on the scale factor a and obtain the
analytical expressions for a(¢) and a(§) then we can
find the potentials U(¢, &) in explicit form. From the
obtained explicit expressions it is clear that they are
not suitable for practical use for the multicomponent
cosmological models with realistic parametrizations of
the dark energy equation of state crossing —1. On the
other hand, the parametric dependences which define
the potential U(¢, &) are suitable for multicomponent
cosmological models and all parametrizations of the
dark energy equation of state.
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ABCTPAKT. /Ins psiay nmapamMeTpusariiii piBHIHHS
CTaHy TEMHOI eHeprii, 0 3MIHIOETbCA 3 YacoM,
HA JEeAKOMY YE€PBOHOMY 3MIIllEHHI € MOXJIUBUM
mepexin Bif KBiHTeceHril g0 ¢aHTOMa ab0 HABIAKU.
KginTomM — 2-mosboBa MOJENh 3 2 KAHOHIYHUMU

KiHeTuunuMu uiaenamu (oamH 31 3HakoMm “+7 s
kBinrecennii ta oxuu 3i 3nakom 7 mug danroma)
ra morennian U(¢p,£) B snarpamxkiani — € OJHIEO
3 HAUMOMyJSIPHIMUX CKAJSIPHO-TIOIBOBUX MOJIEeH,
0 JO3BOJIAIOTE TaKy MOBeOiHKY. Mwu mpomoHyeMo
y3araJbHEHHS KBIHTOMa, IO BKJIIOYAE TaXiOHHUN
KIHeTUIHUA WIeH Topdan 3 KiaacuaamM. JIas Takol
MOJIEJII MM OTPHUMYEMO BUDPA3U JJId I'YCTUHH €Hepril
Ta TUCKY TeMHOI eHeprii. /s TPOCTOPOBO TIIOCKOTO
omHOpimHOTO i30oTpomHOTO BeecBiTy 3 METPUKOIO
4-rpocTOpy Opinmana-Pobeprcomna- Yokepa MU
BUBOIMMO DiBHAHHS PyXy Iuig moiaiB. Mwu meranbHO
0OrOBOPIOEMO PEKOHCTPYKIIIO MOTEHINATY CKAISAPHIX
monis U(¢p,£). Taka peKOHCTPYKIig He MoxKe OyTh
3po0JieHa OIHO3HAYHO, OTYKEe, MH pPO3IJIAIaEMO 3
uaitnpocrimi dopmu U(g, £): nobyrok P(¢) ta E(E),
cyma D(@) ta E(§) Ta cyma (@) Ta =(§) y cremeni
k. Jlpyre momarTKOBe MPHUIYIEHHS, AKEe HEOOXimTHO
3pOOUTH, CTOCYETHCS 3AJIEKHOCTI KiHETUIHOIO TI€HA
X4 abo X¢ Bin MacmTabHOTO MHOYKHWKA a. JLy1s KOYKHOI
3 KoMOiHAIIN IWX 2 OpUOYIIEHh MH OTPHUMYEMO
PEKOHCTpPYHOBaHI TOTEHIIaIW B  MapaMeTPUIHIN
¢dopmi. B Tux BuIaIKax, KOIM MOXKJINBO OOEPHYTH
3aJI€2KHOCTI 10J1iB ¢ Ta & Big MaciuTabHOrO MHOXKHHKA,
a Ta oTpuMaTH aHamiTHuHi Bupasu mis a(d) Ta a(§),
MH MOKeMo 3HaiiTu mnoreHmiamm U(¢,&) B saBHii
dopmi. 3 OTpUMAHWX SIBHUX BUPA3iB OYEBUIHO, IO
BOHM HE MiAXOIATH JJIsi MPAKTUYHOTO BUKOPUCTAHHS
Ay HaraTOKOMIIOHEHTHUX KOCMOJIOTIYHUX —MOgeseit
3  peasicTHYHUMH  [apaAMETPHU3AIISIMU  PIBHAHHSA
CTaHy TeMHOI eHeprii, IO mepexoadaTh dYepe3 —1.
3 immoro OOKy, MmapaMeTpWdHl 3aJeKHOCTI, IO
BusHavaorh noreniian U(p,€), € nupumarHumu s
0araTOKOMIIOHEHTHHX KOCMOJIOIIYHUX MOJeJel Ta BCIX
napaMerpusaliiii piBHAHHSA CTaHY TE€MHOI eHeprii.

KurtouoBi caoBa: KocMosioris: TeMHA eHepris.

1. Introduction

20 years ago the accelerated expansion of the Uni-
verse was discovered. The cosmological constant in Ein-
stein equations (equation of state parameter w = —1)



Odessa Astronomical Publications, vol. 31 (2018)

39

is the simplest explanation of it. The dark energy in
form of a scalar field is the most popular alternative to
A. Tts equation of state parameter can either be con-
stant or vary in time. Dark energy with w > —1 is
called quintessence, with w < —1 — phantom. For sev-
eral widely used parametrizations of w(z), e.g. Cheval-
lier & Polarski (2001) and Linder (2003) (CPL), Ko-
matsu et al. (2009) (WMAPS5), at a certain redshift
there is transition from quintessence to phantom or
vice versa. Such behavior is forbidden for a single min-
imally coupled scalar field, as it was shown for the first
time by Vikman A. (2005) (see also Easson D.A. &
Vikman A. (2016)). However, crossing of the phantom
divide is possible in the cases of kinetic gravity braid-
ing (Deffayet C. et al. (2010)), sound speed vanishing in
phantom domain (Creminelli P. et al. (2009)) or non-
minimal couplings (Amendola L. (2000), Pettorino V.
& Baccigalupi C. (2008)).

The most popular scalar field model allowing for
w = —1 crossing is quintom proposed by Feng B. et al.
(2005). It is the 2-field model with 2 canonical kinetic
terms — one with the “4” sign for quintessence and one
with the “” sign for phantom — and a potential U (¢, §)
in Lagrangian.

Quintom can be generalized to include a non-
canonical kinetic term. The simplest physically
motivated Lagrangian with the non-canonical kinetic
term is the tachyon one. So, we propose the 2-field
model of dark energy with classical and tachyonic
kinetic terms.

2. 2-field model with classical and tachyonic
kinetic terms

We consider the spatially flat, homogeneous and
isotropic Universe with Friedmann-Robertson-Walker
(FRW) metric of 4-space

ds? = gizdz'da? = a*(n)(dn? — Sapdzdz?) (1)

(here i,7 = 0,1,2,3, a, 8 = 1,2,3, a is the scale fac-
tor, 7 is the conformal time and ¢ = 1). The Universe
is filled with relativistic (radiation, neutrinos), non-
relativistic (baryons, dark matter) matter and dark en-
ergy. The latter is modeled by 2 scalar fields with the
Lagrangian:

L= —X,—U(4,)/1— 2X, (2)

where
¢2
*(/5 i
62
*f i€
are the kinetic terms. This Lagranglan is classical

(Klein-Gordon) with respect to the field ¢ which cor-
responds to phantom and tachyon (Dirac-Born-Infeld)

with respect to the field & which corresponds to
quintessence.

The energy density and pressure for such a model
are as follows:

__x, 4 U8
Pde = X¢+ m? (3)
Pae = —Xgp —U(9,8)/1 —2X¢. (4)

The dark energy equation of state (EoS) parameter is
defined as w(a) = pye/pde-

For the metric (1) the Lagrangian (2) yields the fol-
lowing equations of motion:

. . oU 2 £ B
¢+2aH¢—8—¢ 1= 25 =0, (5)
£+2aHE — 3CLH§§2
ou -2
< ¢¢£ a? g)(122)0. (6)

Here a dot denotes the derivative with respect to n and
H = a/a is the Hubble parameter.

From (3)-(4) it is clear that reconstruction of the
potential U(¢,&) cannot be done unambiguously and
requires additional assumptions. First of all, we should
choose a form of U(¢, £). We restrict our consideration
to 3 simplest ansatzes from Andrianov et al. (2008):

o U(e,€) = 2(¢)E(S),
o U(¢,€) = 0(¢) + E(¢) and
o U(e,€) = [2(¢) + E()]"; £ = const.

Secondly, we should assume either Xy or X¢ to be a
known function of the scale factor. Then for X = a(a)
we get:

Ula) = ifmm (7)
X4(a) = —%1*12%;“’ (8)
and for X, = B(a):
U(a) = v/ —=(pw + B)(p + B), 9)
Xela) = 2T R 425 (10)

2 p+ 3

Dependences of the fields ¢ and £ on the scale factor a
are determined from X¢ = « and (8):

£(a) = j—l‘;\/ﬁ, (11)

11 —2a+w
11—«

¢(a) =
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or Xy = f and (10):

sa)== [ 235, (13)
1p(1+w) +28
p+B8

These expressions together with either (7) or
define U(¢) in the parametric form. This allows us
to reconstruct the potential even if the integrals in
(11)-(14) cannot be solved analytically.

§(a) =

3. Reconstructed potentials in an explicit
form

If it is possible to invert the analytical dependences
(11)-(12) or (13)-(14) then we can obtain the ex-
plicit expressions for potentials (as it has been done
for single-field models in e.g. Sergijenko & Novosyad-
lyj (2008), Novosyadlyj & Sergijenko (2009)). For
U(p,€) = ®(¢)2(§), X¢ = a the potential is recon-
structed as:

U(¢7§)=exp{i/d¢ li\/_(l—a)(lp—2a+w)

w— 2& +
1—2a+w

&

1
w)(l—1-2a) (
+3aH(1 - w))] (a()) F / e [

1-2a4+w Ww—2&
l—-a 1—w 1-—w
+3aH (2 — 4a + w))] (a(€))},

for U(¢,&) = (9)=(€), Xy = B it is as follows:

X
(1-— l-—«a

o5 (7

2c

&

Cex Coo|1 V2B 18
U(,€) = p{j:/dgb [apw—i—/é’ (3 H+26>]
/d£ 1 /(p(1+w) +2B)(p+ B)
pw+ 3
< p(i — 3aH (1 4+ w)?) + 28
p(1+w)+2p
aH(l—w)p—GaHﬁ—B
+3 P )1 (a(f))}~
For U(¢,&) = (¢) + E(§), Xe = o we get:

U(qﬁ,«f):i/daﬁ [;\/—mp
><< W= 24 + a +3aH(1—w))}(a(¢))

1—-2a+w 1—«
1
de | —
:F/ﬁlm p(

1o &

2

[ 20 1—w
1-2al1—«

l—«a

X1720¢+w w — 2¢
1—w 1—w

(2 = 4a +w))] (a(E)),

+ 3aH

while for U(¢,€) = ®(¢) + Z(€), Xy = B:
U(.6) =+ [ ds [f 2 (Gant
+35 )1 + [ a [ga e
<(o+ ) ("(“’ DA 2
LqeH (1= w;p+—56aHﬁ - 5)1 (a(©).
In the case of U($,€) = [®(¢) + Z())", r =

const, X¢ = a the potential reads:

U0, = oy (= [ 404
1 -a)iTR(1 - 20)%

><(1—w)1

_1
2

—(1—2a+w)p*
i
+1% +3aH(1 - >)] (a()) T /d£ [i\@
1 <
T

w— 2¢
1—2a+w

1—w
l—ap
20

x(1 = 2a)7%~ -
—

1—2a+w
X
1—w
x(a(€))}

and U(¢,§) =
yields:

+3aH(2 — 4o + w))}

[@(6) + E(Q)]", & = const, Xy = B

U6, =+ & [ao[Lvasio+ 0%

< (—(pw + B)) (3 He il

)
qt/dﬁ[;a

35 ) | @)
x(=(pw+ B)) %! <p<

p(1+w) +2B(p+ )5

W — 3aH(1 4+ w)?) + 26
p(l4+w)+2p

)1 (a(ﬁ))}

It is clear that for the multicomponent cosmological
models with realistic parametrizations of the dark
energy EoS crossing —1 (CPL, WMAPS5) these ex-
pressions are not suitable for practical use since even
for a = const or B = const the integrals cannot be
solved analytically. Thus, to reconstruct the potentials
for certain values of cosmological parameters and

aH(1 —w)p—6aHB — 3

p+pB

+3
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dependences w(a) and a(a) or f(a) we have to use the
parametric dependences (7), (11), (12) or (9), (13),
(14) which define the potential U(, ).

4. Conclusion

In the reconstruction of potential of the proposed
2-field model of dark energy with classical and tachy-
onic kinetic terms there are 2 ambiguities requiring
additional assumptions: about the form of U(g,¢)
and about the dependence of a kinetic term on the
scale factor. The third ambiguity — a sign in front of
the integrals in (11)-(14) — is less important since the
potentials with “+” and “-” are symmetric with respect
to ¢ = 0 and £ = 0. For 3 ansatzes for the form of
U(4,€) we obtained the reconstructed potentials in
explicit form and in parametric one that is suitable
for multicomponent cosmological models and all
parametrizations of the dark energy equation of state.
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