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ABSTRACT. The macroscopic characteristics of
the degenerate dwarves were calculated based on the
equation of state of a spin-polarized electron gas at
T = 0K as well as at finite temperatures. It was
shown that the spin-polarization cause an increase of
the radius and mass in comparison with the charac-
teristics of standard Chandrasekhar model. Within
adopted model, the value of critical mass was esti-
mated, by which an instability due to general relativity
effects occurs. Parameters of model are: the relativis-
tic parameter x0 at stellar center, the chemical com-
position parameter µe = ⟨A/Z⟩, the degree of spin-
polarization ζ, the dimensionless temperature of core
T ∗
0 = kBTc/m0c

2 and its radius ξ0 = Rc/R (Rc is the
core radius, R is the radius of a dwarf). The inverse
problem for a sample of massive dwarfs was solved us-
ing the known masses and radii and the parameters
x0, T

∗
0 were found for fixed values of spin-polarization.

Key words: degenerate dwarf, critical mass, rela-
tivistic parameter, spin-polarization.
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1. Introduction

The theory of the degenerate dwarfs was developed
by S. Chandrasekhar in the 40-th years of the XX cen-
tury, where the idea of R. Fowler’s about mechanism
of their stability and degeneration of electron subsys-
tem [1, 2] was used. The Chandrasekhar model is two-
component – it is a completely degenerate relativistic
electron gas at absolute zero temperature and the static
nuclear subsystem, which is considered as continuous
classic medium. It has two parameters – the relativis-
tic parameter x0 = (3π2n0)

1/3h̄/m0c (where n0 is the
number density of electrons in the stellar center of star,
m0 is the rest mass) and the chemical composition pa-
rameter µe = ⟨A/Z⟩ (A is the mass number, Z is the
number of protons in the nuclear)[3].

The standard Chandrasekhar model corresponds to
non-magnetic massive dwarf, in which electron sub-
system is in the paramagnetic state. At the same
time from the observations are well known dwarfs with
the masses which are very close to the Chandrasekhar
limit Mch ≈ 1.44M⊙ or even exceed it [4]. Among
these dwarfs can be stars with both weak and strong
magnetic fields. The model of magnetic dwarf pro-

vides a simple interpretation of features of “super-
Chandrasekhar” dwarfs and the existence of super-
bright Ia type supernova.

Generalization of Chandrasekhar model for the case
of finite temperature and consideration of magnetic
field allows simultaneously to take into account the
influence of these important factors on dwarfs. We
constructed the model with five dimensionless param-
eters – the relativistic parameter x0 at stellar center,
the chemical composition parameter µe, the degree of
spin-polarization ζ, the dimensionless core temperature
T ∗
0 = kBTc/m0c

2 (the value T ∗
0 = 1 corresponds the

temperature in stellar center 6.04 · 109K) and the di-
mensionless core radius ξ0 = Rc/R. Rough estimates
of temperature of the degenerate dwarfs, which was
obtained on the basis of their low luminosity, give the
value of the order 106 ÷ 107 K. Such factors, as the in-
complete degeneration of electron subsystem, radiation
pressure, and the thermal motion of nuclei, should be
considered in the consistent theory of internal structure
of these stars [5, 6].

In this work we consider model of magnetic dwarf at
both absolute zero as well as finite temperature. We do
not consider explicitly a magnetic field, which in the lo-
cal approximation is assumed to be homogeneous. We
restrict the consideration of the model, where the av-
erage occupation number of electrons nk,s(r) depends
on the projection of the spin direction on the magnetic
field [7].

2. The spin-polarized model at T = 0K

Let’s consider an uniform model of the ideal rel-
ativistic degenerate electron gas, which consists of
N electrons in the volume V influenced by a stable
external magnetic field in the thermodynamic limit:
N,V → ∞, N/V = const.

In this model exists one selected direction, namely
the direction of the vector of magnetic field intensity,
and we assume that nk,1/2 > nk,−1/2.

The value

ζk =
1

nk
(nk,1/2 − nk,−1/2) (1)

determines a degree of polarization of the electron gas,
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where

nk = nk,1/2 + nk,−1/2. (2)

From here we will assume, that the degree of spin-
polarization does not depend on the wave vector,

ζ =
1

n
(n+ − n−), n = n+ + n−, (3)

where nσ = NσV
−1 is the number density with given

projection of the spin on the direction of the field. From
the equation (3) we find, that

n+ =
1

2
n(1 + ζ),

n− =
1

2
n(1− ζ).

(4)

From the normalization condition
∑

k,s nk,s = N we
obtain the expressions for the Fermi wave numbers,
which correspond to different projection of the spins:

kσF = kFλσ, λ+ = (1 + ζ)1/3,

λ− = (1− ζ)1/3, kF = (3π2n)1/3.
(5)

The equation of state in the spatially two-component
homogeneous case of the electron-nuclear model at
T = 0K has a parametric representation [7]:

P =
∑
σ

πm4
0c

5

3h3
F(xσ), F(xσ) = 4

xσ∫
0

dy y4

(1 + y2)1/2
,

ρ = muµe

∑
σ

nσ =
muµe

6π2

(m0c

h̄

)3 ∑
σ

x3
σ,

σ = (+,−),

(6)

where xσ is the relativistic parameter in our model.
To obtain the equation of state for inhomogeneous

model, we should perform the replacement x →
x(r), Pσ → Pσ(r), ρ → ρ(r), xσ → xσ(r).

According to the formulae (5)

xσ(r) = x(r)λσ, (7)

where x(r) = h̄kF (r)(m0c)
−1 corresponds to the Chan-

drasekhar model with paramagnetic subsystem.
Let us consider the mechanical equilibrium of star

dP (r)

dr
= −Gρ(r)

M(r)

r2
,

dM(r)

dr
= 4πr2ρ(r), (8)

where P (r) is the pressure on the sphere of radius r,
ρ(r) is local density, M(r) is a mass inside that sphere.
The system of equations (8) is reduced to the nonlinear
differential equation of second order for x(r)

1

r2
d

dr

{
r2
[

λ5
+√

1 + x2(r)λ2
+

+
λ5
−√

1 + x2(r)λ2
−

]
×

× x(r)
dx

dr

}
= −G(muµe)

2 64π2m2
0c

4

3(hc)3
x3(r)

(9)

in which λ+, λ− are the parameters, mentioned above,
moreover λ3

+ + λ3
− = 2.

In a general case at arbitrary value of the parameter
ζ, the equation (9) also can be reduced to the equa-
tion of the standard Chandrasekhar model using the
substitution∑

σ=±
λ3
σ{(1 + x2(r)λ2

σ)
1/2 − 1} = εζ0y(ξ), ξ =

r

λ

where

εζ0 =
∑
σ=±

λ3
σ{(1 + x2

0(r)λ
2
σ)

1/2 − 1}.

(10)

To rewrite the right side of the equation (9) in terms of
y(ξ), let’s determine x(r) from the equation (10). We
reduce this expression to the biquadratic equation

ax4 − bx2 + c = 0, (11)

where

a = (λ8
+ − λ8

−)
2,

b(y) = 2{(λ8
+ + λ8

−)[(ε
ζ
0y)

2 + 4εζ0y]+

+ 4(λ+λ−)
3(λ5

+ + λ5
−)},

c(y) = [(εζ0y)
2 + 4εζ0y]{[(ε

ζ
0y)

2 + 4εζ0y]+

+ 4(λ+λ−)
3}.

(12)

The equation (11) has four real roots – two positive and
two negative. The physical meaning have only positive
roots. From them we choose that one, which in the
limit ζ → 0(when λ+, λ− ⇒ 1) is a positive root of
quadratic equation c(y) − b(y)x2 = 0, because in this
limit a ⇒ 0. Thus we find, that

x(r) = 2−1/2(λ8
+ − λ8

−)
−1[b(y)− φ(y)]1/2, (13)

where

φ(y) = {b2(y)− 4ac(y)}1/2 = 4(2 + εζ0y)(λ+λ−)
3×

× {(λ+λ−)
2[(εζ0y)

2 + 4εζ0y] + (λ5
+ + λ5

−)
2}1/2.

(14)

The equation (9) in a dimensionless form is

1

ξ2
d

dξ

(
ξ2

dy

dξ

)
= −{

√
2(λ8

+ − λ8
−)

−1×

× (εζ0)
−1[b(y)− φ(y)]1/2}3.

(15)

and satisfies the boundary conditions y(0) = 1, y′(0) =
0 and the condition y(ξ) ≥ 0. The scale factor λ is
determined by the expression

32π2G

3(hc)3

{
muµem0c

2λ
εζ0
2

}2

= 1, (16)

which in the limit ζ → 0 coincides with the result of the
standard model [3]. The dependence of the solutions
of equation (15) on the relativistic parameter and the
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Figure 1: The solutions of equation (9) at fixed value
ζ = 0.9 for four values of x0.
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Figure 2: The solutions of equation (9) at fixed value
x0 = 1.0 (ζ = 0 – curve 1, ζ = 0.2 – curve 2, ζ = 0.4 –
curve 3, ζ = 0.6 – curve 4)

.

degree of spin-polarization is illustrated in figures 1
and 2. The total mass of a star is the function of
parameters x0, µe, ζ:

M(x0, µe|ζ) =
M0

µ2
e

M(x0|ζ),

M(x0|ζ) = ξ21(x0|ζ)
∣∣∣∣dydξ

∣∣∣∣
ξ=ξ1(x0|ζ)

= 2.01824 · · · .
(17)

The radius of a star is determined by

R(x0, µe|ζ) = λξ1(x0|η) = 2R0
ξ1(x0|ζ)
µeε

ζ
0

. (18)

Here

R0 =

(
3

2

)1/2
1

4π

(
h3

cG

)1/2
1

m0mu
= 1.12 · 10−2R⊙,

M0 =

(
3

2

)1/2
1

4π

(
hc

Gm2
u

)3/2

mu = 2.89M⊙

(19)

are the scale factors, ξ1(x0|ζ) is the dimensionless
radius of star, which corresponds to the condition
y(ξ1(x0|ζ)) = 0.

The “mass-radius” relations obtained in the standard
(solid curve) and spin-polarized models at different val-
ues of the parameter ζ are shown in fig. 3.
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Figure 3: “Mass-radius” relation at different value ζ
(ζ = 0 – solid curve, ζ = 0.2 – curve 1, ζ = 0.4 –
curve 2, ζ = 0.6 – curve 3, ζ = 0.8 – curve 4 )

.

3. Influence of finite temperature effects on
the spin-polarized model

In this section we briefly consider a model, which dif-
fers from the standard Chandrasekhar model by simul-
taneous accounting of magnetic field and finite temper-
ature effects in the ideal relativistic electron systems.
Here a dwarf is considered as spherically symmetric ob-
ject, consisting of two regions – isothermal core with
temperature T ∗

0 and radius Rc (occupies almost all vol-
ume of star) and a thin surface region, where the radial
temperature distribution is approximated in the form
T ∗(r) = T ∗

0 (
√
1 + x2(r) − 1)ε−1

0 (xc). By the averag-
ing of temperature throughout the volume of a dwarf,
as it is shown in [5, 6], the equation of model can be
approximately represented in the reduced form:

Pred =
∑
σ

Fσ(r)

{
1 +

4

3
π2

(
T ∗
0

ε0(x0)

)2

· S(x0, ξ0)

}
, (20)

where

S(x0, ξ0) = ε0(x0)

{ R∫
0

dr r2x3(r)

}−1

×

×

{ Rc∫
0

dr r2f(x(r)) +

R∫
Rc

dr r2×

× f(x(r))
(
√
1 + x2(r)− 1)2

ε20(xc)

}
,

(21)
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f(x(r)) =
x4(r)[r + x2(r)][

√
1 + x2(r)− 1]2

F(x(r))
,

ε0(xc) =
√
1 + x2

c − 1, xc = x(Rc),

F(x(r)) = x(r)(2x2(r)− 3)
√
1 + x2(r)+

+ 3 ln[x(r) +
√
1 + x2(r)].

Here F(x(r)) is the contribution of the ideal degenerate
relativistic electron gas, R is the radius and ξ0 = Rc/R
is the dimensionless radius of star, xc is the value of
the relativistic parameter on the edge of the isother-
mal core. Here the averaging is carried out using the
mechanical equilibrium equation solutions at T = 0K
[3], and contribution to the pressure of finite temper-
ature effects is considered as a correction. Using the
reduced equation (20) and the dimensionless variables
(10), the equation of state can be rewritten in the form,
which was obtained in the previous section

1

ξ2
d

dξ

(
ξ2

dy

dξ

)
= −{

√
2(λ8

+ − λ8
−)

−1×

× (εζ0)
−1[b(y)− φ(y)]1/2}3.

(22)

However, the new scale λ is determined by:

32π2G

3(hc)3

{
muµem0c

2λ
εζ0
2

}2

= η, (23)

where

η = 1 +
4

3
π2

(
T ∗
0

ε0(x0)

)2

· S(x0, ξ0). (24)

Since the equilibrium equation does not contain the
temperature as a parameter, the macroscopic charac-
teristics of a star, such as mass and radius, can easily
be rewritten in the following form:

R(x0, µe, ζ|ξ0, T ∗
0 ) = R0

ξ1(x0|ζ)
µeε

ζ
0

η1/2,

M(x0, µe, ζ|ξ0, T ∗
0 ) =

M0

µ2
e

M(x0|ζ)η3/2.
(25)

Figures 4, 5 illustrate the dependence of mass and ra-
dius on the relativistic parameter x0 at fixed values of
the polarization parameter ζ, the dimensionless radius
ξ0 and different values of the dimensionless core tem-
perature T ∗

0 . The temperature effects become more
significant with decreasing of the relativistic param-
eter, i. e. decreasing dwarf mass. As can be seen
from the figures, our model is not appropriate for low-
mass dwarfs, because in such stars the temperature ef-
fects can not be considered as a correction. Therefore
the branches of curves for which a mass are monoton-
ically decreasing function of the relativistic parameter
are non-physical. On the other hand in the region of
large values of relativistic parameter, i. e. for massive
dwarfs, the temperature effects are not significant.
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We have used the sample of white dwarfs of DA
spectral type from SDSS DR4 [8] and formed the sub-
sample of the massive dwarfs with masses M ≥ 0.3M0

(M ≥ 0.87M⊙), because for such objects our model
is appropriate (the temperature effects are small), on
the other hand such objects can have strong enough
magnetic fields.

Using the known values of masses and radii of the
dwarfs, we can find from the system of equations (25)
two parameters of the model x0, T

∗
0 . At the same time

other parameters are considered as free. The parame-
ter µe is close to 2.0, we have taken the values from the
work [5] for the same sample of objects. In the massive
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dwarfs the isothermal core occupies almost all volume
of the star [6], so the parameter ξ0 must be close to
one. In this work, we have taken the value ξ0 = 0.99.

The dependence of the dimensionless temperature
T ∗
0 on the relativistic parameter x0 for (as an exam-

ple) five massive dwarfs at the values of the spin-
polarization ζ = 0.10; 0.15; 0.20; 0.25; 0.30 is shown in
fig. 6. As can be seen from the figure, with increasing
parameter ζ, i. e. models with stronger magnetic field,
central temperature of dwarf considerably drops, and
the relativistic parameter in its center slowly increases.
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Figure 6: Dependence of the dimensionless temper-
ature T ∗

0 on the relativistic parameter x0 for the
group of massive dwarfs at different values of the
spin-polarization ζ (the dwarf 1 – M = 0.870M⊙,
R = 0.0103R⊙, Teff = 38630K; 2 – M = 0.871M⊙,
R = 0.0094R⊙ Teff = 10330K; 3 – M = 0.871M⊙,
R = 0.0097R⊙, Teff = 19270K; 4 – M = 0.901M⊙,
R = 0.00963R⊙, Teff = 26120K; 5 – M = 0.931M⊙,
R = 0.0093R⊙, Teff = 27460K).

In table 1 is shown the obtained data from the obser-
vations for the massive dwarfs (columns 2-4) [8], as well
as determined parameters of the model [5], taking into
account only incomplete degeneration of electron gas
(columns 6-7), and considered here model, which also
takes into account spin-polarization (columns 9-18). x0

0

and µ̃e are the values of the relativistic parameter in
the stellar center and the average chemical composi-
tion parameter for the absolute cold white dwarf in
the Chandrasekhar model (columns 5 and 8).

4. Critical mass and stability

For the massive dwarf at absolute zero temperature
the relativistic parameter is sufficiently high (x0 ≥ 10).
In the ultrarelativistic limit the equation of state of
electron subsystem has a polytropic character,

P (r) ⇒ πm4
0c

5

3h3
· x4(r) ·

(λ4
+ + λ4

−)

2
· · · . (26)

Therefore for calculation of the dwarf’s mass, taking

into account the general relativity effects, we can use
the approximate dependence between energy and mass
of a star which is similar to that of Zeldovich and
Novikov [9] for the paramagnetic state of electrons. For
the case of our model

E ∼={AM −BM5/3}ρ1/3c + CMρ−1/3
c −

−DM7/3ρ2/3c − m0c
2

µemu
M,

(27)

where M is the mass of dwarf, ρc is the central density.
The first three terms in the right side of this equation
correspond to Newton approximation, and the term
(−DM7/3ρ

2/3
c ) approximately takes into account the

contribution of general relativity effects. Here is used
the following notations:

A = k1K, B = k2G, C = k3
m2

0c
3

h̄(µemH)2/3
,

D = k4
G2

c2
, K =

31/3π2/3

4
· h̄c

(muµe)4/3
·
(λ4

+ + λ4
−)

2
,

k1 = 1.75579, k2 = 0.639001,

k3 = 0.519723, k4 = 0.918294.

(28)

For convenience in the following calculations we rewrite
energy and mass in dimensionless form (in units
E0,M0)

M =
M0

µ2
e

M(x0|ζ),

E =
E0

µ3
e

E(x0|ζ), E0 =
GM2

0

R0
,

ρ1/3c = x0

(muµe

3π2

)1/3 m0c

h̄
≡ x0δ.

(29)

With dimensionless variables the formula (27) is trans-
formed to the following form:

E(x0|ζ) ∼=

{
k1(3π

2)1/3

4

(
1 +

2

9
ζ2
)
M(x0|ζ)−

− k2

(
3π

4

)1/3

M5/3(x0|ζ)

}
x0

(3π2)1/3
+

+
k3
x0

M(x0|ζ) (3π2)1/3−

− k4 x
2
0

(4π)2/3
m0

muµe
M7/3(x0|ζ)−M(x0|ζ).

(30)

From the equilibrium condition ∂
∂x0

E(x0|ζ) = 0 we find
biquadratic equation for mass as a function of the rel-
ativistic parameter at small values ζ:(

1 +
2

9
ζ2
)

k1
4

− k2
(4π)1/3

M2/3(x0|ζ)−
k3 (3π

2)1/3

x2
0

−

− k4
(2π2)1/3

· x0 m0

muµe
M4/3(x0|ζ) = 0.

(31)
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in the Newton approximation for large relativistic pa-
rameter

MH(x0|ζ) ∼=
(
1 +

2

9
ζ2
)3/2 (

k1
k2

)3/2
π2

4
−

−
(
1 +

2

9
ζ2
)1/2

k3 k
1/2
1

k
3/2
2

6
√
3π7/6

x2
0

+ · · · .
(32)

Taking into account the general relativity effects leads
to a decrease of the dwarf’s mass. In particular, for ζ =

0 there is such value x
(0)
0 when ∂

∂x0
M(x0|0) = 0. This

value determines the critical mass allowed for white
dwarf and it can be found as a root of the equation

2k3 (3π
2)1/3

x3
0

− k4
(2π2)1/3

· m0

muµe
M4/3(x0|0) = 0, (33)

where M(x0|0) is solution of the equation (31) at
ζ = 0. The instability of paramagnetic dwarf oc-
curs in the point x

(0)
0 . The critical mass of corre-

sponding dwarf is less than the Chandrasekhar limit

Mch =
(

k1

k2

)3/2
π1/2

4 . In the case ζ ̸= 0 the solution
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Figure 7: Dependence of the critical relativistic param-
eter x

(ζ)
0 on the parameter ζ.

of equation (31) can exceed the Chandrasekhar limit
and maximum mass (when the instability occurs) is
achieved by some x

(ζ)
0 . The values x

(ζ)
0 and M(x0|ζ)

are determined by the equations (31) and

2k2 (3π
2)1/3

x3
0

− k4
(2π2)1/3

· m0

muµe
M4/3(x0|0) = 0. (34)

The dependence of critical value of the relativistic pa-
rameter x

(ζ)
0 and the dimensionless mass M(x0|ζ) on

the parameter ζ are shown in figures 7, 8. As we can
see, the consideration of spin-polarization of electron
gas in the model of white dwarf structure can yield
dwarfs with masses exceeding the Chandrasekhar limit
up to 40%. The critical value of relativistic parameter
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Figure 8: Dependence of dimensionless mass M(x0|ζ)
on the parameter ζ.

5. Conclusions

In our work we have shown that the degree of spin-
polarization and the influence of finite temperature ef-
fects of the electron subsystem can affect the macro-
scopic characteristics of degenerate dwarf, in particular
increase the radius and especially the mass comparing
with the standard Chandrasekhar model. The influ-
ence is stronger on dwarfs with low masses and is weak
for massive ones. We have found the parameters of
subsample of massive dwarfs in the model, where both
the temperature effects and spin-polarization are taken
into account. In the frame of our model we have ex-
amined the influence of general relativity effects on the
critical mass of degenerate dwarf at which the instabil-
ity occurs and have shown that it can exceed the Chan-
drasekhar limit up to 40%, what allows to explain the
existence of super-Chandrasekhar white dwarfs.

References

[1] Chandrasekhar S.: 1931, Astrophys. J., 74, 81.

Chandrasekhar S.: 1935,Mon. Not. Roy. Astron.
Soc., 95, 676.

Vavrukh M.V., Tyshko N.L., Smerechynskyi S.V.:
2010, Journal Of Physics Studies, 14, n.4, 4901.

James R.A.: 1964, Astrophys. J., 140, 552.

Vavrukh M.V., Smerechinskii S.V.: 2012, Astronomy
Reports., 56, n.5, 363.

Vavrukh M.V., Smerechinskii S.V.: 2013, Astronomy
Reports., 57, n.2, 913.

Vavrukh M.V., Dzikovskyi D.V., Tyshko N.L.: 2015,
Odessa Astron. Publ., 28, N1, 82.

Tremblay P.-E., Bergeron P., Gianninas A.: 2011,
Astroph. J., 738, 128.

Shapiro S.L., Teukolsky S.A.: Black Holes, White
Dwarfs and Neutron Stars. Cornell University,
Ithaca, New York, 1983.

in stellar center (i.e. central density) decreases with in-
creasing polarization parameter and in the model with
fully polarized electron subsystem is equal to 20.9.

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

134 Odessa Astronomical Publications, vol. 30 (2017)




